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Let p > n and let Lp(R"') be a homogeneous Sobolev space. For an arbitrary Borel 
measure fi on R" we give a constructive characterization of the space 



S = L^(R") + Lp(R";/i). 



■ We express the norm in this space in terms of certain oscillations with respect to the 

■ measure This enables us to describe the i^T- functional for the couple (Lp(R"'; Lp(R")) 

(-H . in terms of these oscillations, and to prove that this couple is quasi-linearizable. 
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1. Introduction. 

Let /i be a non-trivial non-negative Borel measure on R" and let Lp(R'^; fi), 1 < p < oo, 
be the space Lp on R" with respect to the measure fi, with the standard norm 




By Lp(R") we denote the homogeneous Sobolev space consisting of all (equivalence classes 
of) real valued functions / G Lp^ioc^R-") whose distributional partial derivatives of the first 
order belong to the space Lp(R"). We equip the space Lp(R") with the seminorm 

||/||l1(R") := ||V/||Lp(Rn). 

This paper is devoted to the following main 

Problem 1.1 Given a function f G Lpjod^"", fJ') , how can we tell whether f belongs to 
Lp(R") + Lp(R";/i), i.e., whether there exist functions fi G Lp(R") and f2 G Lp(R") such 
that f = f, + f2? 

We also consider a quantitative version of Problem 11.11 related to calculation of the norm 
of / in the space 

E:=^J(R") + i^p(R";/x). 

As usual, the space ^ is normed by 

:= inf{||A|Ux(R„) + ||/2lU,(R";;.) : /i + /2 = € L;,(R"),/2 G Lp(R";/x)}. 



Problem 1.2 What is the order of magnitude of the norm of a function f in the space 

E = i^^(R") + ^p(R";/x) ? 

In this paper we solve Problems 11.11 and 11.21 by presenting a constructive formula for 
calculation of the order of magnitude of the norm in the space Lp(R") + Lp(R";/i). This 
formula is expressed in terms of certain local oscillations of functions with respect to the 
measure /i. 

Before we formulate the main result of the paper we need to define several notions and 
fix some notation: 
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Throughout this paper, the word "cube" will mean a closed cube in whose sides are 
parallel to the coordinate axes. We let Q{x, r) denote the cube in R*^ centered at x with side 
length 2r. Given a > and a cube Q we let aQ denote the dilation of Q with respect to its 
center by a factor of a. (Thus a Q{x, r) = Q{x, ar).) The Lebesgue measure of a measurable 
set A C R" will be denoted by \A\. 

Here now is the main result of our paper: 

Theorem 1.3 Let n < p < oo and let fi be a non-trivial non-negative Borel measure on R"'. 
A function f G Lp^ioc(R"; f^) belongs to the space Lp(R") + Lp(R"; /i) if and only if there exists 
a positive constant A which satisfies the following conditions for a certain absolute positive 
constant 7.- 

Let Q be an arbitrary finite family of pairwise disjoint cubes in R" . Suppose that to each 
cube Q E Q we have arbitrarily assigned two cubes Q', Q" G Q such that 

(1.1) Q'uQ"c-fQ. 

Then the following inequality 

E(diamg)"-f // \f{x)-f{y)\Pdfi{x)dfi{y) 
QW^ ^ ^ 
{(diamQ')""^ + /i((5')}{(diamQ")"-P + fi{Q")} " 

QeQ 

holds. Furthermore, 

II/IIe ~ i'^f 

with constants of equivalence depending only on n and p. 

Remark 1.4 The topic under consideration can be referred to as the Real Interpolation 
Method for the Banach couple A = (Lp(R"; /i),Lp(R")), or, more specifically, as the calcu- 
lation of the i^-functional 

Kit; f:A):= inf{||MU,(Rn;^) + tUMUjCRn) : f, + f, = f, f, e Lp(R- /i), G L1(R")}. 

Here t is a positive number. (See, e.g. [2].) 
Thus \\f\\j: = K{l;f:A)and 

K{t-J:A)=t\\fy, where := LJ(R") + Lp(R"; i,/i). 

We recall the classical result of Peetre pT] (see also [1], p. 339), which states that whenever 
1 < p < 00 and n is Lebesgue measure on R", 

Kit;f: (Lp(R"),L;(R"))) ~a;i(t,/)i^(R.) 

with constants depending only on p and n. Here 

\f{x + h)-f{x)\Pdx 



(^lit,f)Lp{R") = sup <J / 

\\h\\<t J 
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is the modulus of smoothness of / in Lp(R'^). 

This result leads us to a solution of Problem II ■2l for the particular case where fi is Lebesgue 
measure multiplied by an arbitrary positive parameter s. In this case 



1 / I 



sp uiis f,f 



Lp(R") 



with constants of equivalence depending only on n. To the best of our knowledge, this 
measure fi is the only example of a measure for which a constructive criterion for the norm 
of a function in the sum Lp(R"') + Lp{TV^; fi) is known so far. <] 

Our second main result, Theorem 11.51 states that the Banach couple (Lp(R"'), Lp(R"'; /i)) 
is quasi-linearizable, see [2]. In other words, for every function / G X] = -^pl^-") + -^^(1^"; /^) 
the functions /i G Lp(R'^) and /2 G Lp(TV^; fi) of an almost optimal decomposition / = /1 + /2 
can be chosen to depend linearly on /. 

Theorem 1.5 Let n < p < 00 and let fi be a non-trivial non-negative Borel measure on R". 
There exist continuous linear operators 

Ti : Lj(R") + Lp(R"; /i) -> Lj(R") anc? T2 : Lj(R'^) + Lp(R"; /x) Lp(R"; //) 

Ti + T2 = Ids 

ll^l|lE^iJ(R.") + II^2||j:^Lj,(R";m) < C*- 

i/ere C = C{n,p) is a constant depending only on n and p. 

Let us briefly describe the main ideas of the proof of Theorem 11.31 The necessity part of 
the proof, which we present in Section 2, is based on the classical Sobolev-Poincare inequality 
for Lp(R")-functions whenever p > n and the Hardy-Littlewood maximal theorem. 

We prove the sufficiency part of the theorem in two steps. The first step is presented in 
Section 3 where we construct a closed subset E C R*^ and a certain family ICe of pairwise 
disjoint "well separated" cubes of R" with centers in E. 

This family of cubes possesses certain measure concentration properties (with respect 
to the measure /x). In particular, fi{K) ~ (diamii')""^ for every cube K & ICe- We also 
prove that, on the other hand, if Q is a cube in R", 6* > and diamQ < 6 dist(Q, E), then 
^{Q) < C(diamQ)"~^ where C is a constant depending only on p and 6. 

In Section 4, given a function / : R" — )■ R satisfying the sufficiency conditions, we 
construct the functions /i and /2 = / — /i of an almost optimal decomposition of /. We 
start by defining a function / on i^^ by the formula 



where K^^^ denotes the (unique) cube from ICe centered at x. Then we extend / from E to 
all of R"" using the classical Whitney's extension method. This gives us /i (and therefore of 
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course also /2 = / — /i)- Section 4 also includes a proof that the function /i satisfies the 
inequality ||/i||li(R") < C{n,p)Xp. 

In Section 5 we show that the function /2 satisfies the inequality ||/2||lp(R";a() < C{n,p) \p. 
This and the previous inequality prove the sufficiency part of Theorem ll.3[ 

Note that the Whitney extension operator is linear, so that the functions fi and f2 depend 
linearly on f. This proves Theorem 11.51 

In Section 6 we prove several refinements of Theorem 11.31 Note that the criterion for the 
norm in the space S = Lp(RP) +Lp(R"; n) given in this theorem describes the structure of E 
and shows which properties of a function / on R" control its almost optimal decomposition 
into a sum of a function from Lp(R") and a function from Lp(R"; fi). At the same time it is 
not quite clear how one could check the conditions (11.21) of Theorem 11.31 for a given function 
/ on R". In fact, these conditions depend on an infinite number of families Q of cubes and 
all possible choices of cubes Q',Q" G Q satisfying condition (11. ip . 

Nevertheless a careful examination of our proof of Theorem 11.31 shows that it constructs 
a particular family Q of cubes and particular mappings Q ^ Q' and Q Q" satisfying (II. ip 
depending only on p and the measure /x, and that it is enough to examine the behavior of / 
only on this particular family and these particular mappings. 

We express this fact by Theorem 16.11 which refines one part of the criterion of Theorem 

[H 

The next refinement of this result, Theorem 16.111 enables us to express the norm of an 
arbitrary function / G Lp joc(R"; Z^) as a linear combination of p-oscillations of / over a certain 
family of subsets in R" with fixed covering multiplicity. Note that the coefficients of this 
linear combination and the family of subsets depend only on n,p, and the measure fi. 

We prove this result in Subsection 6.3. Remark that this rather specifical refinement of 
the main result has important applications to problems of characterizations of restrictions of 
Sobolev functions to closed subsets of R"". (See a discussion at the end of this section.) 

The proof of Theorem 16.111 is based on a new approach to extensions of functions which 
we call a lacunary modification of the Whitney extension method. We present this approach 
in Subsection 6.2. The main idea of this modification is to use certain families of Whitney's 
cubes rather than to treat each Whitney cube separately. We call these families of Whitney 
cubes lacunae. Each lacuna characterizes a certain "hole" in the complement R" \ E. 

In Subsection 6.2 we present main definitions and main properties of lacunae. For the 
proof of these properties we refer the reader to the paper [12], Sections 4-5. 

In Subsection 7.1 of Section 7 we prove several variants of the main result. Let us 
formulate one of them. 

Theorem 1.6 Let n < p < oo and let fi be a non-trivial non-negative Borel measure on R". 
A function f G Lp^;oc(R"; /^) belongs to the space Lp(R") + Lp(R"; /x) if and only if there exists 
a positive constant A which satisfies the following conditions for a certain absolute positive 
constant'^: Let Q be an arbitrary finite family of pairwise disjoint cubes in R". Suppose that 
to each cube Q E Q we have arbitrarily assigned two cubes Q', Q" G Q such that Q'UQ" C jQ 
and 

(1.3) (diam qy-'^fiiQ') + (diam Q'O^'XQ") < 1- 
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Then the following inequality 



QeQ Q'xQ" 

holds. Furthermore, \\f\\j2 ~ i'^f with constants of equivalence depending only on n and p. 

Note that the hypotheses of this theorem are equivalent to the hypotheses of Theorem 11.31 
provided the cubes Q'^Q" from its formulation satisfy inequality fll.Sp . Thus the sufficiency 
part of Theorem 11.61 is slightly stronger than the sufficiency part of Theorem 11.31 it asserts 
that it suffices to verify (II. 2p only for cubes satisfying inequality (11.31) rather than for all 
cubes, as required in Theorem 11.31 

In Subsection 7.2, we obtain another variant of Theorem ll.3[ which we use in Subsection 
7.3 to prove the following explicit formula for calculation of the i^'-functional for the couple 
(Lp(R-/.),Li(R")). 

Theorem 1.7 Let n < p < oc and let f G Lp^ioci^^] /i)- Then, for every t > 0, 
ir(t;/:(L,(R";/x),Lj(R"))) 



sup 




r.>A- r.>>^r>-n II \f{x) - f{y)\^ d^^{x)dM 

/ diam Q diam Q \ q'xQ" 



diamg J {diam Q')p-^ n{Q') + (diam Q")p~^i2{Q") 



where the supremum is taken over all finite families Q of pairwise disjoint cubes in R" and 
all mappings Q 3 Q ^ Q' e Q and Q 3 Q ^ Q" E Q such that Q' U Q" C 7(5 and 

(diamQ ) I 1 + (diamQ ) j <t- 

Here 7 is an absolute constant. Furthermore, the above equivalence holds with constants 
depending only on n and p. 

Using Theorem 11.51 we also prove that this formula for the if-functional of the couple 
(Lp(R"; /i), Lp(R")) can be quasi-linearized. See Subsection 7.2 for the details. 

Finally, in Subsection 7.3 we give a geometrical interpretation of Theorem 13.31 and simple 
geometrical proofs of some particular cases of it, some of which have been kindly provided 
by V. Dolnikov. 

Our interest in Problems 11.11 and 11.21 has been motivated by their intimate connection 
with the characterization of the restrictions of Sobolev Lp(R'^) -functions to arbitrary closed 
subsets of R". In particular. Theorem 11.31 is one of the main ingredients of our approach to 
this problem in [12] where it enables us to give a constructive description of the trace space 
Lp(R,'^)\E whenever p > 2 and E is an arbitrary finite set E C R^. 

Our second main result here. Theorem II. 5^ is also used in [12] in order to prove the 
existence of a continuous linear extension operator from Lp(R^)|£; into Lp(R^), p > 2, whose 
operator norm is bounded by a constant depending only on p. A different proof of this latter 
result has been given earlier by A. Israel [7]. Quite recently C. Fefferman, A. Israel and 
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G. K. Luli [5] proved the existence of such an operator for the space L'!^(R"')\e whenever 
n < p < CO and E C is an arbitrary closed set. We refer to [12] for more details. 

Acknowledgements. I am very thankful to M. Cwikel for useful suggestions and re- 
marks. I am pleased to thank V. Dolnikov for very useful discussions of some geometrical 
aspects of Theorem 13.31 I am also very grateful to C. Fefferman, N. Zobin and all the 
participants of "Whitney Problems Workshop", Williamsburg, August 2011, for stimulating 
discussions and valuable advice. 



2. Proof of Theorem II. 3t Necessity. 

Throughout the paper C, Ci, C2, ... and 7, 71, 72, ... will be generic positive constants which 
depend only on n and p. Sometimes these constants can depend on certain parameters (say 
rj, 6, etc.) which we fix in formulations of some auxiliary results. These constants can change 
even in a single string of estimates. The dependence of a constant on certain parameters is 
expressed, for example, by the notation C = C(n,p) or 7 = 7(n). We write A ~ i? if there 
is a constant C > 1 such that A/C < B < CA. 

Throughout the paper the words "a subset of R"" will mean "a Borel subset of R"" . For 
a locally integrable (with respect to the measure fi) function / and a subset S C R*^ of a 
positive /^-measure by fs we denote the /^-average of / over S: 

s 

By II ■ II we denote the uniform measure in R". Given a. set A hj ^ A we denote the 
cardinality of A. 

Let v4 be a family of sets in R". By M{A) we denote its covering multiplicity, i.e., the 
minimal positive integer M such that every point x G R" is covered by at most M sets from 
A. Finally, given a function g G Lijoc(R") we let M.[g] denote its Hardy-Littlewood maximal 
function: 



(2.1) M[g]{x) := sup ^ [ g{y) dy, x G R" 



K 



As usual, in this formula the supremum is taken over all cubes K in R" containing x. 

When p > n, it follows from the Sobolev embedding theorem that every function F G 
Lp(R") coincides almost everywhere with a continuous function. This fact enables us to 
identify each element F G Lp(R"), p > n, with its unique continuous representative. 

One of the main tools of the proof of Theorem 11.31 is the following proposition which 
presents a classical Sobolev imbedding inequality for the case p > n, see, e.g. [9j, p. 61, or 
[lOj . p. 55. This inequality is also known in the literature as Sobolev- Poincare inequality (for 
p > n). 

Proposition 2.1 Let F G Lp(R") be a continuous function and let n < q < p < 00. Then 
for every cube Q C R" and every x,y E Q the following inequality 

\F{x) - F{y)\ < C{n,q) dmmQ I ^ J \\VF{z)rdz 
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holds. 

We begin the proof of the necessity part with the following auxiliary lemma. 

Lemma 2.2 Let n < q < p < oo, 'j > I, and 9', 9" > 0. Let / = /i + /2 where fi G -^^p(R") 
and /2 G Lp(R";yu). Given a cube Q C R" let S',S" be closed subsets of Q such that 
S' U S" C 7(5- 

Then the following inequality 



1 



II \fix)-fiy)\Pdfi{x)dM 



KS'MS") 

S' S" 

holds. Here C = C{n,p,q,'~f) is a constant depending only n,p,q and 7. 
Proof. We have 

' - MsoT^ II i/(-)-/(«)r*(-)*(!') 

S'xS" 

< .o,wo,n ff mx)-f,{y)\ + \f2{x)-f2{y)\rdfi{x)dM 



S'xS" 
S'xS" 
S'xS" 



By the Sobolev-Poincare inequality, see Proposition I2.H for every x,y E 7Q we have 
\flix)-f^{y)\<C{n,q) diamQ J \\Vf^{z)rdz 

with C = C{n,q,'j). Hence 



S'xS" 



< C(diamQr \\Vfr{z)rdz 
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Then, by (12. ip . for every 2; G Q we have 

1 



\\vMz)rdz\ <M[\\vMz)r]nz). 



Integrating this inequahty on Q (with respect to z) we obtain 



(2.2) \q\\t^ I iiv/i(.)rrf. I < / M[\\\/Mz)r]Hz)dz. 



iQ / Q 

Hence 

(2.3) h < CidiarnQy-'' J M[\\V fiiz)\\'']^z) dz. 

Q 

Let us estimate the quantity l2- We have 
1 



S'xS" 



1/2(3;) - f2iy)\^ dfi{x)dfi{y) 



op 



?'x5" S'xS" 



S' S" 

Combining this inequahty with inequahty (12. 3p we obtain 

/ = 2P{h + l2}<cUdmmQY-'' I M[{\\Vh\\r]Hx)dx 

I Q 

S' S" 

Hence 

//{(diamg)p-" + e'/fi{s') + e"/fiis")} <c{ I M[{\\vh\\y]'^{x) dx 



+ l j \h{x)\^ d^{x) + ^ j \h{x)f d^{x) 



S' S" 

proving the lemma. ■ 

We are in a position to prove a shghtly more general version of the necessity part of 
Theorem 11.31 
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Proposition 2.3 Let n < p < oo, 7 > 1, > 1, and let ^ he a non-trivial non-negative Borel 
measure on R". Let Q he a family of cuhes in R" with covering multiplicity M{Q) < N, 
and let S he a finite family of closed suhsets of of positive ^-measure with M{S) < N. 
Suppose that to each cuhe Q E Q we have assigned two suhsets S'q, Sq G 5 such that 

S'qUS'^c^Q. 

If a function f G ^^(R") + Lp(R"; fi), then 



QeQ 

where A = Here C is a constant depending only on n,p,'~f and N. 

Proof. Let g := (p + n)/2. Given a cube Q E Q we put 5" := S'q, S" := Sq, and 

e' := (diam Q/ diam 5^)^"", 6" := (diam Q/ diam 5^)^^". 

Since / G Lp(R") + Lp(R";yu), tliere exist functions fi G Lp(R") and /2 G Lp(R"';/i) such 
tliat / = /i + /2 and 

II/i||li(r.^)<2||/||j:, ||/2|U,(R";;.)<2||/||j:. 



Then, by Lemma [2.21 the quantity 

i^iS'MS") II \f{x)- f{y)\''dn{x)dn{y) 



S'xS" 

Jq- 



(diamg)P-"{l + (diam^^)"-P/Ai(5^) + (diam S^)"-p//^('^q)} 
satisfies the following inequahty 

Jq < c{ [ Mmf,\\y]Hx)dx+^ I i/2(x)rrfMx) + ^ f i/2(x)rrf/i(x) 



C{ / M[{\\V frWYYix) dx 



/diam^' f /diam5;^\P-" , 

+ (^i^j y '^^^'^^''^'"^'^^+(di^' imx)\^d^^{x) 



01 cll 



= C{J, + J2 + J3) 

Prove that 



j:=j2jQ<c\\fr^ 
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First let us show that the following inequality 
(2.5) Ji ^ I M[{\\Vh\\y]Hx)dx < 



holds. In fact, since covering multiplicity of the family Q is at most N and p/q > 1, by the 
Hardy-Littlewood maximal theorem, 

Ji<A^| A^[||VA|r]?(x)dx<c|(||V/i|r])?(x)dx = C'||V/i||i^(^„). 
Prove that 

E/diam^' r 

To this end let us fix a set 5" e 5 and prove that the quantity 

nS) ■■= ^^{(diamg)"-^' : QeQ,S'Q = S} 
satisfies the following inequality 

(2.7) I{S) < C(diam5)"-f. 

Recall that 

S ^ S'qCjQ for every Q e Q, 

and that M{Q) < N. 

Fix a point a & S and put Ks ■— Q{a, diamS"). Define three subfamilies of the family Q: 

Qs:^{QeQ:S'Q = S}, 

-.^{QeQ-.S'Q^S, QnKs^n, 

and 

Qg^ -.^{QeQ-.S'Q^S, QnKs^$}. 

Prove that Qg^^ contains at most N — N{n, 7) elements. We will make use of the following 
simple statement: Let Qi, Q2 be cubes in R" such that Qi n(52 7^ 0- Then the set Qi fl {2Q2) 
contains a cube Q such that 

diamQ > ^ min{diam(5i, diam(52}- 

In fact, suppose that diamQi < |diam(52- Since Qi H (52 7^ 0, we have Qi C 2Q2 so that 
we can put Q := Qi. 

Assume that diamQi > | diamQ2- Let 7/ e Qi fl Q2- Then there exists a cube Qi^'' C Qi 

(v) 

such that Q\ 3 y and 

diam Q^^^ — \ diam Q2. 
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Using the same argument as in the first case we conclude that Q'-^' C 2Q2. Thus Qf^ C 
Qi n {2Q2) so that we can put Q := Q^i \ Then 

diamQ = -diam(52 > minjdiamQi, diam(52} 

proving the statement. 

Let us prove the required inequahty 

(2.8) i^Qf <C{n,^,N). 

If a cube Q G Q^s' , then Q fl Ks 7^ so that, by the above statement, there exists a cube Q 
such that Q (lQr\ {2Ks) and 

diamQ > ^min{diamQ, Ks}- 
But S C 7(5 so that diamS* < 'ydia.mQ. Since Ks = Q{a, diamS"), we obtain 

diamK5 = 2diamS' < 27diam(5. 

Hence 

diamg > {l/A-f)Ks. 

Thus 2Ks D Q and diamQ > (I/47) diam i^5. Note that the family C Q has covering 
multiplicity M(qIJ^) < M(Q) < so that M({Q -.Q G qIJ^}) < as well. Clearly the 
cube 2Ks can contain at most C{n,'y,N) of cubes Q of diameter at least (I/47) diam/T^. 
This proves 
Now we have 

h{S) := ^^{(diamQ)'^-^' : Q G q1?^} < (# qJ!^) max{(diamg)'^-^' : Q G q1?^}. 
Since # Q^^^ < A^(n, 7) and 

diamS* < ■jdia.mQ, Q G Qs, 

we conclude that 

hiS) < C(n,7)(diamS)"-P. 

Let us estimate the quantity 

HS) ■■= J]{(diamQr-^:QGQ5,')}. 
Recall that Ks = Q{a, diamS*) where a G 5* and 

KsnQ^dS for every Q G Q^^ . 
Since a G S* C 7(5 for each Q G Q5 we have 

\\x — a\\ < diam(7(5) = 7diam(5 for every x E Q. 
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Hence 

(diamQ)"-P < C{diamQ)-P\Q\ < C\\x - a\\-P\Q\, x e Q. 
Integrating this inequality over the cube Q (with respect to x), we obtain 

(diamQ)"-P <C J \\x- aW^^dx, Q e . 
Q 

Since Ks fl Q 7^ for every Q E Qg , we have 

Us:=u{Q:QeQP}cR^\Ks. 
Since M(q5?^) < A^, we obtain 

I^(S) := ^{(diamQ)"-P : Q G q1?^} < C ^ J \\x - a\\~P dx 

= C J \\x - a\\-P dx < C J \\x-a\\-Pdx<C{diamKsT~P. 

Us R"\Ks 

Since diam Ks ~ diam S, we have 

his) < C(diam5)"-P. 

Finally we obtain 

(2.9) I{S) = h{S) + hiS) < C(diam5)"-P 

proving inequality (12. 7p . 

Using this inequality we have the following estimate of the quantity J2 defined 

E/diam5^\^~" f 

( \ r 

= y^(diamg)P~" (diamQ)"-P / \f2{x)\P dfi{x). 

ses \Q£Q,Sq,=s J s 



By (O, 



J2 < C (diam (diam g)""^ ^ |/2(a;)|Prf/i(a;) 

< C| |/2(x)rrfM^)=C||/2||i^(^„^^). 
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In the same fashion we prove that 
Finally, summarizing estimates for the quantities Ji, see fl2.5p . J2 and J3, we obtain 

J < + J2 + J3) < + ||/2|li^(K.;,)) < cil/lll: • 

The proposition is completely proved. ■ 

Theorem 2.4 Let n < p < 00,7 > 1, and let fi be a non-trivial non-negative Borel measure 
on R". Let Q he a finite family of pairwise disjoint cubes in R", and let S be a finite family 
of pairwise disjoint closed subsets o/R"". Suppose that to each cube Q G Q we have assigned 
two subsets Sq, Sq E S such that SqU Sq C. •yQ. 
If a function f G LJ,(R") + Lp(R"; fi), then 



E 



(diamQ)"-^' // \fix)-fiy)\Pdfiix)dM 



< r^ii f IIP 

{(diam^^)-P + M5^)}{(diam5^)-p + /x(5^)} " H^H^- 

Here C is a constant depending only on n,p and 7. 
Proof. By Proposition 12. 3[ 

^ (diamQ)"-^ II \f{x) - f{y)\^dfi{x)df,{y)/A{S'Q,S'^) < C 



p 
E 



QeQ s'qxS'^ 

where 

(2.10) A{S'q, S'^) := /i(S^)/x(5^){l + (diam^^)"-7/i(5^) + {dmm S'^T'^ / f,{S'^)} . 
But 

MS'q,S'^) < {(diamS^)"-^ + /i(5^)}{(diam5^)"-^ + /i(5^)}, 

and the theorem follows. ■ 

Finally, we apply this theorem to a function / G Lp(R"')+Lp(R"; /i) with S = Q, S'q = Q', 
and Sq = Q" proving the necessity part of Theorem 11.31 



3. A /i-measure concentration set and //-measure concentration cubes. 

We turn to the proof of the sufficiency part of Theorem 11.31 Actually, in the next three 
sections we prove a more general result. Theorem 13.11 which immediately implies the suffi- 
ciency in Theorem 11.31 
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Theorem 3.1 Let n < p < oo. A function / G X] = ^pi^^) + Lpill^ifi) provided f G 
Lp^ioc^R-"", IJ) CLnd there exists a positive constant A which satisfies the following conditions for 
a certain absolute positive constant'-^: Let Q he an arbitrary finite family of pairwise disjoint 
cubes in R*^ and let Q 3 Q Q' E Q and Q 3 Q ^ Q" E Q be arbitrary mappings such 
that Q' U Q" C 7Q and 

(3.1) (diam qy-'^fxiQ') + (diam Q'O^^XQ") < 1- 

Then the following inequality 

QeQ Q'xQ" 
holds. Furthermore, \\f\\j2^C{n,p)\p. 

Remark 3.2 We first prove a version of Theorem 13. II wliere inequality (13. ip is replaced by 
weaker conditions 

(3.3) /i(g') < 2^'''(diamQ')""'' and f^iQ") < 2^''P(diamQy-P. 

It can be readily seen that Theorem 13.11 in its original formulation immediately follows from 
this weaker variant by transition to the measure ft = 2^^^/^. 

Thus throughout the proof of the theorem we will assume that the cubes Q', Q" satisfy 
inequalities (13. 3p rather than (13.11) <. 

Let / be a function on R" satisfying the hypothesis of Theorem 13.11 Let us construct its 
almost optimal decomposition, i.e., functions /i G Lp(R") and /2 G Lp(TV^] fi) with almost 
minimal norms in the spaces Lp(R'^) and Lp(R"; /i) respectively, and such that / = /i + /2- 

We do this in two stages. At the first stage which we present in this section we construct 
a closed set E C R*^ and a family /Cg of pairwise disjoint "well separated" cubes of R*^ with 
centers in E, see Proposition 13.51 and definition ( 13.24p . These cubes are determined only by 
the measure fi, and by n and p. The set E and the family JCe possess certain //-measure 
concentration properties which we prove in Corollary 13. 91 and Lemma [3?71 In Section 4, using 
the averages of the function / on cubes from JCe and the Whitney extension method, we 
define the function fi. See (14.51) and (14.61) . Finally, we put f2 '■= f — fi- 

We begin the first stage with the following theorem which is an important element of our 
geometrical construction. 

Theorem 3.3 Let w : R" — )■ (0, oo) be a positive function on R" such that for every x G R" 
the following inequality 

(3.4) liminf w(?/) > 

holds. Then there exists a set S C R" which satisfies all of the following conditions: 
(i). For every x G R" there exists a point x E S such that 

(3.5) \\x — x\\ + w{x) < 83w{x); 
(a). For every Zi,Z2 G S, Zi Z2, we have 

w{zi) + w{z2) < \\zi - Z2\\/6. 
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Proof. Given an integer j we define a set 
(3.6) Aj := e R" : 2"^-^ < w{y) < 2-^}. 

We introduce a metric on R" by letting 

\\x ~ y\\ + w{x) + w{y), x y, 



Pw{x,y) ■-- 



0, 



x^y. 



Let Sj :— 14 • 2'^ and let Bj be a maximal £j-net in Aj with respect to the metric pw Thus, 
if Aj ^ and # -B^ > 1, the following conditions are satisfied: 

(1) . For every Zi,Z2 G Bj, z^, we have 

(2) . For every x e Aj there exists a point x' e -Bj such that 



Since 

we have 
(3.7) 
and 
(3.8) 



for some x' G Bj. 



14:w{x) < 14 • 2 ^ = Sj < 28w{x) for every z e Aj , 
Pw{zi, Z2) > 7{w{zi) + w{z2)}, Zi,Z2e Bj , 

Pw{x, x') < 2'&w{x) 



Given £ > and a set S e R" we let [B]^ denote the closed £-neighborhood of B with 
respect to the metric p^: 

[B]e := {x elC -.3 y e B such that p^(a;, y) < e}. 

Let us define a set Bj by letting 



(3.9) 

Finally we put 
(3.10) 



Bj Bj\ 



.i>j 



S :^ [J Bj. 



j=-oo 



Prove that S satisfies all the conditions of the proposition. We do this in three steps. 
The first step. Prove that S 
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Suppose that 5 = and prove that this contradicts to the condition (13.41) . Since 

oo 

IJ Aj = R", there exists jo G Z such that Aj^ ^ 0. Hence Bj^ 7^ as well so that 

j=-oo 

there exists a point xq G Bj^. 
By the assumption 

00 

S:= U B. 

SO that the set 



3 

j=-oo 



.i>jo 



-JO 

Therefore there exist an integer ji > jo and a point xi G -Bj^ such that 

p^(Xo, Xi) < EjQ. 

But Bj^ = as well so that there exist an integer j2 > ji and a point X2 G Bj^ such that 

Pw{xi,X2) < Ej^. 

Continuing this process we get a sequence of points {xfcj^g such that 

pwixk,Xk+i) ■■= \\xk - Xk+i\\ +w{xk) +w{xk+i) < Ej^ := 14 ■ 2"^^ A; = 0, 1, ... . 
Hence w{xk) < Ej^, so that w{xk) — > as A; —t- 00. Furthermore, since 

Ikfc -Xfc+ill < 14-2~^S /i; = 0,l,... , 
{xfcj^Q is a Cauchy sequence so that there exist x G R" such that 

lim Xk = X. 

Since w > 0, we obtain 

liminf w{xk) = 0, 

x—>-x 

a contradiction. 

The second step. Prove the property (ii) of the proposition which is equivalent to the 
inequality 

(3.11) Pw{zi, Z2) > 7{w{zi) + W{Z2)}. 

Suppose that Zi 7^ Z2 and w{z2) < w{zi). If Zi,Z2 G Bj for some integer j, then (I3.1ip 
follows from (13.71) . Suppose that zi G -81,-22 ^ Bj for some i > j. Since Z2 G Bj, by (13.91) . 

Z2 ^ [Bi]e, SO that 

Pw{zi,Z2) > Ej = 14 ■ 2"^. 

On the other hand, since zi ^ Bi C Ai, Z2 & Bj C Aj, by (13. 6p . 
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Hence 

pUzu Z2) > 14 ■ 2-^ > 7{2'^ + 2-') > 7{wiz^) + wiz2)} 

proving fl3.1ip . 

The third step. Prove the property (i) of the proposition. Clearly, if x G 5, then we can 
put X := X. 

Let X G R" \ S. Put Xo := x. Then there exist an integer jo such that x G Ajg so that 
X G Ajg \ S. By (13. Sp . there exist a point xq G -Bjg such that 

(3.12) p^{xo,x) <28w{x). 

If Xo G Bjg, see (13. 9p . then we put x := xo and stop. If xo ^ -Bj,,, then, by (I3.10p and (13. 9p . 
there exist an integer ji > jo and a point xi G Bj-^ such that 

p^(xo, < EjQ. 

If Xi G -Bji, then we put x := Xi and stop. If Xi ^ 5^^, then there exist an integer j2 > ji 
and a point X2 G -Bjj such that Pw{xi,X2) < Sj^. 

We continue this process and after k + 1 stages of the procedure we obtain k + 1 integers 
Jo < ji < ••• < jfc and points Xm G -Bj„, m = 0, A;, such that 

(3.13) Pw{Xm,Xm+l) < Sj^, 171 = 0,..., k-1. 

If Xk G Bji_, then we put x := x^ and stop. If Xk 4- ^iki then, by (I3.10p and (13.90 . there exist 
an integer j^+i > j^ and a point x^+i G -B^^^^ such that^p^(xfc, x^+i) < e^^^. 

Let us prove that this procedure is finite, i.e., x^ G -Bj^. for some A; > 1. In fact, otherwise 
there exists an infinite sequence of points {xm}m=o ^'^'^ that x^ G B^^, m = 0, 1..., and 

Pwi^m, ^m+l) •= ll^^m ~ 2:^+1 1| + '^i^m) + "^(^^m+l) ^ = 14-2 

Hence 

< w(x„) < 14-2-^™. 
so that w{xm) — )■ as A; — oo. Furthermore, 

ll-^m -^m+lll ^ 14 ■ 2 

SO that {xm,}m=o ^ Cauchy sequence. Consequently {a;m,}m=o converges to a point x G R". 
Hence 

liminf w(x) = 

x—^x 

which contradicts (13. 4p . 

Thus we have proved that there exists a positive integer k such that for all x^ G and 
for all m = 0, k inequality (I3.13P is satisfied. We have 

k-1 

p^{x, Xfc) ^ p^(^X, Xo) ~l~ ^ ^ Pwi^-^m: -^m+l) 

m=0 
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so that, by I^J^ and (EH, 

k-l 

Pw{x, Xk) < 28w{x) + £j,n < 28?i;(x) + 14 ^ 2'^"^ < 28w{x) + 28 ■ 2"^°. 

m=0 j>jo 

Recall that x G so that w{x) > 2~-'°~^. Hence 

Pw{x, Xk) < 28w{x) + 28 ■ {2w{x)) = 84w{x). 
Thus the point x := Xk E S and the following inequality 

Pw{x, x) := \\x — x\\ + w{x) + w{x) < 84:w{x) 
holds. This proves inequality (13.51) and the theorem. ■ 

Note that Theorem 13.31 can be reformulated in a purely geometrical way. We discuss a 
geometrical background of this theorem and other related geometrical problems in Subsection 
7.3. 

Fix a point x G R" and consider two functions of a positive parameter r: a function 

s^{r) := n{Q{x,r)), rG (0,+oo), 

and a function 

v{r) := r""*', r G (0, +oo). 

Clearly, s = s^(r) is a non- decreasing function on (0, +oo). Since /i is a non-trivial measure 
on R", 

lim s^(r) = /i(R") > 0. 

r— >+oo 

On the other hand, since p > n, the function v = v{r) is strictly decreasing on (0, +oo). 
Clearly, 

limf(r) = +00 and lim v{r) = 0. 

r— >0 r— >+oo 

These properties of the functions Sx{r) and v{r) imply the existence of a unique number 
R{x) G (0, cxo) such that 

Sx{r) > v{R{x)) if r > R{x), and Sx{r) < v{R{x)), if r < R{x). 

Thus, for every x G R" we have 

(3.14) /^(g(x,r)) > i?(x)"-P for every r > i?(x), 
and 

(3.15) /x(Q(a;,r)) < i?(x)"-P for every r < i?(a;). 

Since /i is a Borel measure, the function Sx{r) := fi{Q{x,r)) is right continuous on (0, oo) so 
that, by ( IXTij) . 

(3.16) /i(g(x, R{x))) > R^xf-P. 

We also recall that the number R{x) satisfies the inequality 

(3.17) < R{x) < +00. 
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Lemma 3.4 The function R = R{x) satisfies the Lipschitz condition on R"'; 

(3.18) \R{x) — R{y)\ < \\x — y\\ for every x,?/GR". 

Proof. Suppose that R{x) > R{y). 
Let r e {R{y),R{x)). Then, by fl3J[5D . 

(3.19) ^i{Q{x,r)) Kr^'-P. 

Prove that Q{y,R{y)) ^ Q(x,r). In fact, if Q{y,R{y)) C Q(a;,r), then, by ( KW . 

^^iQ{x,r)) > f,{Q{y,R{y))) > i?(y)"-^ > r^'^ 

which contradicts (13.191) . 

Thus for every r G {R{y),R{x)) there exists a point ar G Q{y,R{y)) \ Q{x,r) so that 
II — a; II > r and Ha^ — y|| < -R(y). Hence 

r < llor — x|| < lla^ — y\\ + \\y — x\\ < R{y) + ||a; — y\\ 

proving that 

|r — R{ii)\ = r — R{y) < \\x — y\\. 
Since r e {R{y),R{x)) is arbitrary, we obtain the required inequahty (13.181) . ■ 

Proposition 3.5 There exists a subset E C R*^ such that: 
(i). For every x,y E E,x y, 

(3.20) 6{R{x) + R{y)) < \\x - y\\; 

(a). For every x G R*^ there exists a point x E E such that 

(3.21) R{S:)<83R{x) 
and 

(3.22) \\x-x\\<83R{x). 

Proof. By Lemma [3.41 the function R = R{x) is Lipschitz continuous on R" so that it is 
continuous. Hence for every x G R" we have 

hminf R{y) = hm R{y) = R{x). 

Since R{x) > (see (13.171) ). condition (13. 4p of Theorem 13. 3l for the function w{x) := R{x),x G 
R", is satisfied. By this theorem, there exists a set C R" satisfying the required inequahties 
(132QD,(1MID, and (^Ml- ■ 

Note that, by inequahty (13.201) . the set E consists of isolated points of R*^. 
Given x E E we let K^^^ denote the cube 

(3.23) K^""^ ■.= Q{x,R{x)). 
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We put 

(3.24) Ke ■■= {K^''^ -.xeE}. 

Recall that, by the inequality fl3.16p . for every G /C^ we have 

(3.25) fx{K) > 2P-"(diamir)"~^ 

Let us present several properties of the set E and the cubes of the family JCe- 

Lemma 3.6 (i). For every two cubes K,K' G Ke, K ^ K' , we have 

diam K + diam K' < dist(Js:, K') /2; 

(ii). Let T > 1 be a constant and let x,x' E E, x ^ x' . Let Q' be cubes in R" such that 
tQ 3 X, tQ' 3 x', and QnQ' Then 

diami^(^) + diamfC^"'') < r(diam(5 + diamQ'). 

Proof, (i). Let K = K^''\K' = K^'''^ for some a, a' G E. By part (i) of Proposition 13.51 

6{R{a) + R{a)) < \\a-a\\. 

On the other hand 

\\a - a'W < dist(ir, K') + R{a) + R{a'). 

Hence 

dist{K,K') > \\a-a'\\-R{a)-R{a') 

> 6{R{a) + R{a')) - R{a) - R{a') = 5{R{a) + R{a')) 
= I (diam K + diam K') 

proving the statement (i). 

(ii). By part (i) of Proposition [3751 

3(diamii'(^) + diamK^^'^) < ||x - x'\\. 

Since tQ 3 x, tQ' 3 x', and Q H 7^ 0, 

||x - x'll < rrg + rrg. + tq + tq, = (r + l)(rQ + tq,) < 2r(rQ + rg,) 

so that 

diamir(^) + diamir^^') < l\\x - x'\\ < |r(diamQ + diamQ')- 
The lemma is proved. ■ 

Lemma 3.7 For every cube Q C R" and every 6 > such that 

diamQ < 6 dist{Q,E) 

the following inequality 

Mg)< 42^(1 + ^)^r^-^ 

holds. 
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Proof. By Proposition 13.51 for every x G there exists a point x ^ E such that 

\\x — x\\ < 83 R{x). 

Hence, 

(3.26) dist{x,E) <83R{x), x G R" \ 

We let ]9[ denote the (unique) positive integer such that 9 <]9[< 9 + 1. Let m := 42]^[. 
Consider a partition JCq of the cube Q into m*^ equal cubes {Ki, K2, Km"} of diameter 
diamQ/m. Clearly, for every K G /Cg we have 

dist(Q,E) < dist{K,E). 

Let i^' = (5(ci<',rx). We have 

mdiamfs: = diamQ < 9 dist{Q,E) < 9 dist{K,E) < 9 dist{cK,E). 

By dasSD, 

dist(ci^,E) < 83 R{ck) 

so that 

mdiamir = 2mrK<9 dist{cK,E) < 83 9R{ck). 

Hence 

tk < {83 9/ 2m) R{ck). 
Since m = 42 ]9[ > 42 9, we have 2m > 849 so that 

Tk < R{ck)- 

Now, by (13151) . 

/x(ii') = /i(Q(ci,,rK))) < i?(cx)"-^ 

so that 

/x(ir) < r--^ = {vQ/mY-K 

Hence, 

^{Q) = ^ii{Ki) < m" mP-"r^-^ = m^'r^"^ < 42^(1 + ^)^r3"^ 

The lemma is proved. ■ 

The next lemma states that an inequality which is converse to the inequality f l3.16p is 
also true. 

Lemma 3.8 For every x & E the following inequality 

lx{Q{x,5R{x))) < 2^^PR{xY-^ 

holds. 
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Proof. By subdividing each edge of the cube K^^^ = Q(x,5R{x)) into 20 equal parts 
we can partition this cube into a family A consisting of 20^ congruent cubes of diameter 
i diam i^T^"^) . Clearly, those cubes of the family A which contain the point x, the center of 
the cube K^^\ are a partition of the cube ^K^^^ into a family of 2" congruent cubes. 

Thus the set 5K^^^ \ (^^K^^^^ is partitioned into a family B G A consisting of 20" — 2" 
congruent cubes of diameter idiami^*^^). Clearly, for each cube K E B 

(3.27) dist(K,{x}) > diamK(= \ diamK^^^) . 

On the other hand, by part (i) of Lemma 13.51 the family 

GJCe := {6K^''^ = Qix, 6Riy)) : y E E} 

consists of non- overlapping cubes. Hence 

dist(5ir(^\E\ (5ir(^))) > R{x) = Idiami^'(^) = 2diamir. 

Since K C 5K'^'-'\ 

dist(/s:,E\ (5i^("=))) > dist(5ir(^),E\ (5i^(^))) > 2diamir. 

Combining this inequality with fl3.27p we obtain 

dist{K,E) > diamfsT. 

This property of the cube K enables us to apply to K the result of Lemma l3n with ^ = 1. 
By this lemma. 

Since tk = \ R{x), we have 



fi{K) < SAP ^ = 4P-"84f i?( 

By inequality fl3.15p . 

(i K^'-)) = ^ [Q{x, \ R{x)) < R{ 
Finally we have 

SO that 

/i(5ir(^)) < + (20" - 2")4P-"84f i?(a;)"-P < 2^^^ i?(a;)"-P 

proving the lemma. 

This lemma and inequality f l3.25p imply the following 

Corollary 3.9 For every cube K E K,e we have 

(3.28) 2P-"(diam Ky^" < fi{K) < 2^^P(diam i^)"-^ 

and 

/x(5K) < 2i^P/i(ir). 
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4. Sufficiency: the Sobolev norm of the function /i. 

In this section, given a function / satisfying the sufficiency condition of Theorem I3.H we 
define functions fi e Lp(R"') and /2 G Lp(R"; /i) such that /i + /2 = /• We prove that 

||/i||li(R") < CXp 

where A is the constant from inequahty (13. 2 p and C = C{n,p). In the next section we show 

that ||/2||Lp{R";/.) < C\p. 

Let E be the set constructed in the previous section. Since E is a closed set, the set TV^\E 
is open so that it admits a Whitney decomposition We into a family of non-overlapping cubes. 
In the next theorem we recall the main properties of this decomposition. See, e.g. [13], or 

m- 

Theorem 4.1 We = {Qk} is a countable family of non- overlapping cubes such that 

(1) . YC\E = U{Q:QeWE]; 

(a). For every cube Q G We we have 

(4.1) diamQ < dist((5,E) < 4diamQ. 
Let us note an important property of the Whitney cubes. 

Lemma 4.2 For every cube Q G We the following inequality 

Mg)<84^r3-^ 

holds. 

Proof. Since Q G We, by Theorem 14. H diamQ < dist((5, E). It remains to apply Lemma 
13.71 with 6 = 1, and the lemma follows. ■ 

Combining this result with the second inequality in (I3.28P we obtain the following 
Corollary 4.3 Every cube Q G We U JCe satisfies the inequality 

(4.2) ii{Q) < 2i^^'(diamQ)"-P. 

Thus for every Q', Q" G We ^ K,e the conditions ^3. g|) of Theorem \3.1\ hold. 

We are also needed certain additional properties of Whitney cubes which we present in 
the next lemma. These properties easily follow from constructions of Whitney decomposition 
presented in [13] and [B]. 

Given a cube Q C let Q* := |g. 

Lemma 4.4 (1). IfQ,Ke We and Q* n K* ^ 0, then 

- diam Q < diam K < 4 diam Q. 
4 ^ 

(2) . For every cube K G We there are at most N = N{n) cubes from the family W^ := 
{Q* : Q G We} which intersect K* . 

(3) . IfQ,K e We, then Q* f] K* ^ ds if and only ifQnK^dS. 
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Note that inequahty (14. ip imphes the following property of Whitney cubes: 

(4.3) {9Q) nE^dS for every Q G We- 
Let us fix a constant r > 9. Then by the above property 

(tQ) n E ^ 0. 

To every cube Q G We we assign a point ag E E such that 

(4.4) aq E tQ. 

For instance, one can choose ag to be a point nearest to Q on the set E. Then, by the 
property ( 14. 3p . ag E tQ with r = 9. 

Let $£; := {v^Q : Q E We} be a smooth partition of unity subordinated to the Whitney 
decomposition We- Recall the main properties of this partition. 

Lemma 4.5 The family of functions ^e has the following properties: 

(a) , ifg E C^iW) and < (pg < 1 for every Q E We; 

(b) . snppy,gCQ*{:=lQ),QEWE; 

(c) - EiVQi^) ■Q(^We} = 1 for every x G R" \ S; 

(d) . \\S/ipg{x)\\ < C{n)l diamQ for every Q E We and every x E R". 

We turn to definition of the functions /i G Lp(R") and /2 G Lp(R"; /i) which provides an 
almost optimal decomposition of a function / satisfying the sufficiency condition of Theorem 

Let /i : — 7- R be a function defined by the following formula: 

(4.5) fi{x) := fg = J fdfi for every x E E. 

Q 

Here Q = K^^^ = Q{x,R{x)), see (K2^ . 

Using the Whitney extension formula we extend /i from E to all of R". We denote this 
extension by /i. Thus: 



(4.6) /i(x) : = 



Finally we put 



fi{x), X E E, 

Q&We 



/2:=/-/i. 

Our goal is to prove that under Theorem' s 13.11 conditions the following inequality 

(4.7) ||/l|Ui(R") + ||/2||MR";M)<CAi 

holds. Here C is a constant depending only on n,p, and r. 

Let us estimate the norm ||/i||li(r"). Let be a cube in R" and let 

VK:={QEWE:Qr\K^ 0}. 
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Lemma 4.6 . For every cube K G We the following inequality 

\h{aK) - h{aQ)\P 



\\yh{xWdx<C{n) 



K 



Q&Vk 



(diamK)P-" 



holds. 



Proof. Let x & K. Since x G R" \ E, hj the extension formula (14 .Op and by properties 



(b) and (c) of Lemma 14.51 we have 



|V/i(a;) 



|V(/i(a;)-/i(ax) 



Q&We 



Hence, by property (d) of Lemma [4.5[ 

J l/iM-/i(ai.)l 



|V/i(x)|| < C 



■.Q*nK ^(D,Q eWe} . 



diamQ 

By Lemma Q* H K (/) iS Q H K (/). Also, by this lemma, diamQ ~ diami^. Hence 



l|V/i(x)|| <C 



E 



diami^' 



Integrating this inequality over the cube K, we obtain 

K ^ 

proving the lemma. ■ 

Recall that the set E consists of isolated points of R" so that the function fi G C°°(R"'). 
This observation and Lemma 14.61 enable us to estimate its Sobolev seminorm as follows: 



(4i 



\^fihAn-)<C{n) 2^ (diamir)f- ' 



K£We Q€Vk 



Let us slightly simplify this inequality. By K we denote a cube which maximize the 
quantity Ifiiag) — /i(aA')| on the family Vk', thus 



(4.9) 



max Ifiiaq) - /i(ax)| = - 

Q^Vk 
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(Of course, K depends on K and /.) By part (2) of Lemma [4.41 #V/^ < N{n) so that, by 



(4-10) llV/irMR.)<CH^ 



(diam K^p-"^ 

K^We 

Let us show that we can omit in the right hand side of this inequahty those cubes K G We 
which he inside of cubes from the family /C^. 
Let 

(4.11) ^:=^r. 



Lemma 4.7 Let x & E and let K G We be a cube such that 

(4.12) irn(77ir(^)) ^0. 

Then 

tQ C K^''^ for every Q eVx- 
Furthermore, aq = x for every Q G Vk- 

Proof. Let K = Q^xk^tk) and let Q = Q^XQ^rq). Since K G We, we have 

diamir < 4 dist(K, E). 
Hence diamiT < 4dist(i^, {x}) so that, by (14A2|) . 

(4.13) diamK < 4(i diam(r7Js:(^))) = 2r7 diam iT^^^ . 
Since Q G Vk, we have Q f\ K ^ ^ and Q G We, so that, by Lemma WM. 

diam Q < 4 diam K. 

Hence 

(4. 14) diam Q < 8r/ diam K^^) . 

Furthermore, by fHl2|) and f03D . 

— Xi^ll < |diam(r7_ft'^^^) + IdiamK 

< (r7/2)diamir(^) + i(2r7 diam fsT^^)) = fr/diam/sT^^) 

so that 

K C (3r7 + 2?7)is:(^) =5r]K^''\ 

Hence 
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(Recall that r] = l/(21r), see (14. lip .) Since the cubes of the family JCe = {K^^'' : x E E} are 
pairwise disjoint, 

{TK)r]E c ir^^) = {x}. 

Hence qk = x. 

In the same fashion we show that aq = x. In fact, by ( I4.14p . 

Il^; — a^gll < lis — + ll^i^: — a;Q|| < Ir^diami^''''^-' + I diami^' + I diamQ 

< fr/diamfsT^^) + i(2r7 diam /sT^^')) + i(8r/diam/s:(^)) = f 77 diam if . 

This inequality and (I4.14p imply the following: 

Q C (13r/ + 8r])K^''^ = 21t]K^''\ 

Hence 

tQ C 21rr//s:(^) C K^""^ 

so that 

(rQ) DEC K^^^ nE= {x}. 
Thus aq = ax = x, and the proof is finished. ■ 

The lemma motivates us to introduce two subsets of R" defined by the following formulas: 

(4.15) Te := (j if(") = |J{^ -.KeJCE} 

and 

(4.16) TE,r := U r/if(-) = (j{riK : K E /C^}. 

Let us also introduce a collection of cubes 

(4.17) A:= {K eWe: KnTE,r = ^}. 
By the lemma 

|/i(a^)-/i(a^)r _^ 



(diami^')P-" 

provided K n Te,t 7^ or, equivalently, K E We \ A. Combining this with inequality (I4.10p 
we obtain the following 

Corollary 4.8 We have 



|v/i|li^(K.)<cHl] 



(diamir)P-" 
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We introduce two subfamilies of the family A: 
(4.18) Ai:={K eWE:Kr]TE = flS}. 

and 

A2 := {K e We : K HTe ^ ^, K n TE,r = 0}- 
Clearly, Ai,A2 is a partition of A, i.e., AiU A2 = A, ^1 fl ^2 = 0- Hence, by Corollary 14. 8 [ 



(diamir)P-" 



(diamir)p-" ^ ^ (diamfT)?"'^ 

K&Ai KeA2 

Recall that the function / : R" — )■ R satisfies the sufficiency condition of Theorem 13.11 
Thus there exists a constant A > such that for every finite family Q of pairwise disjoint cubes 
and arbitrary mappings Q 3 Q ^ Q' e Q and Q 3 Q ^ Q" e Q such that Q' U Q" C jQ, 
inequality (13. 2 p holds. 



Lemma 4.9 Let Q E A. Then for every cube Q' G We such that Q' H Q we have 

Xi^Q,) ^ (22r2)Q. 

Proof. Recall that r] = l/(21r), see fHTTTD . and 

TE,r = {QeWE: Qn {r]K^''^) = for every x E E}, 
see (I4.16p . Since Q E A, we have Q fl T^^t- = so that 

dist (aQ,Q) > ir^diamis:^"^^ 
Let Q = Q{xQ,rQ),Q' = Q{xQ',rQ>). Since aq G tQ, we have \\aQ - xq|| < ttq so that 

dist(K("«),g) < WaQ-xgW <rrQ 



proving that 
Hence 



diamir("'3) < 2rrQ/r/ = (21r2)diamQ. 



^iaq) c{t + 21t^)Q C 22r2 Q. 
Now if ag/ = ag, then /sT^^Q'^ = K^'^q'^ so that in this case K'^^Q'^ = fsT^'^e) C 22r2 Q. 
Suppose that aqi 7^ ag. Then, by part (ii) of Lemma ESI 

(4.19) diami^^^Q') < r(diam(5 + diamQ') < r(diam(5 + 4diamQ) = lOrrg. 

Since oq/ G tQ', we have \\aQi — < rrg/. Since Q H 7^ and rg/ < 4rg, 

Ikg' -XqII < Tq+Tq, < Srg 
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so that 

\\aQ' - XqW < Srg + rrQ, < (4r + 5)rQ. 
Combining this inequahty with fl4.19p we obtain 

K^'^Q') c (4r + 5 + Wt)Q C 22t^Q. 

The lemma is proved. ■ 

We are needed the following combinatorial 

Proposition 4.10 Let G N and let B = {Q} be a collection of cubes in R". Suppose that 
for every cube Q & B there exist at most N cubes from B which have common points with Q. 
Then the family B can be partitioned into at most N + 1 families of pairwise disjoint cubes. 

Proof. The proposition immediately follows from the next well-known result in the graph 
theory (see, e.g., ^): Every graph can be colored with one more color than the maximum 
vertex degree. ■ 



Proposition 4.11 Suppose that the hypothesis of Theorem \3.1\ holds with 7 = 22r^. Then 

(4.20) y \hi^K)-f^M\' < c{n)X. 

^ ' ^ (diami^)P-" ~ ^ ' 

KeAi 

Proof. Let ^ C ^1 be a finite family of pairwise disjoint cubes. Prove that 



p 



^ ■ ^ ^ (diami^)P-" ~ 

Let 

(4.22) Q:=AUKe. 

Since the cubes of the family A\ and the cubes of the family /C^; have no common points, see 
fl4.15p and f l4.18p . the cubes of the family Q are pairwise disjoint. Furthermore, these cubes 
satisfy inequality (14. 2p . 

Let g G Q. We define two cubes Q', Q" G Q, Q' U Q" C 7Q, as follows. \i Q = K ^ A, 
we put 

(4.23) Q' := K^'"'\ Q" ■= K'^''k\ 
Then, by definition (14. 5p . 

/i(ax) := /q', /i(a^) := /q"- 

Furthermore, by Lemma [4.91 Q' U Q" C 7Q with 7 = 22r^. 

If g G Ke, i.e., Q = ir(^) for some X G -E, we put Q' = Q" := Q. Clearly in this case 
Q' U Q" C 7g with 7 = 1, and /q. = /q.. 
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By these equalities, 

^ (diam ^ (diamQ)P-" ^ (diamQ)^-"' 

SO that 

l/o' - /q'T 



(4.24) I = J2 



(diam(5)P-"' 

QeS 

Since Q', Q" E ICe for every Q G Q, by dMSD, 

/x(g') > 2^'-"(diamg')""^ /^(<5") > 2*'""(diamg")"-P 

proving that 

(4.25) ,^ , < 22("-P) (diam Q' diam Q")*'~" < (diam Q' diam g")"""- 
/^(Q')/"(<5") 

Also 

(4.26) |/Q^-/Q»r< J |/(x)-/(y)rrf/i(^)dM2/)- 

Q'xQ" 

Combining this inequality with f l4.24p and f l4.25p . we obtain 

QeQ Q'xQ" 

By the assumption (see inequality (13. 2p ) and in view of Corollary 14. 3[ / < A proving inequality 

Since all the terms of the sum in the left hand side of (I4.2ip are non-negative, this 
inequality holds for an arbitrary (not necessarily finite) subfamily A of A\ consisting of 
pairwise disjoint cubes. 

To prove inequality (I4.2ip for the family A\ itself (and consequently to prove the propo- 
sition) it remains to make use of Proposition 14.101 In fact, every Whitney cube touches at 
most N{n) Whitney cubes, see part (2) of Lemma 14.41 Since A\ C We-, the same is true 
for cubes of the family A\. Hence, by Proposition 14. 10[ A\ can be partitioned into at most 
Nin) + 1 families of pairwise disjoint cubes. Applying to every such a family inequality f l4.2ip 
we obtain the required estimate f l4.20p . 

The proposition is proved. ■ 

Let us prove an analog of Proposition 14. Ill for the family A2- Recall that 
A2 = {Q eWe-Q^K for some K G /C^^, and Q n [riH) = for every H G /C^}. 
Let us fix a cube K E ICe and consider a family of cubes 

Jk:= {Q eA2:QnK 

Thus 

JK:={QeWE:Qr]Kj^^, Qn (riH) = for every H G ]Ce}. 
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Lemma 4.12 (z). IfK,K' G JCe and K ^ K' , then {5K) f] {5K') = 0; 

(a). Let Q e We,K e )Ce, and letQnK Then diamQ < 2diami^ and Q C bK; 

(lii). Let K, K' e )Ce and let Q e We- Suppose that Kr\Q and K' r\Q Then 
K = K'. 

Proof, (i). This property immediately follows from part (i) of Proposition 13. 5t see fl3.20p . 

(ii) . Let K = K^^^ for some x E E. Since Q fl 7^ 0, we have dist{Q,E) < tk- Since 
Q G We, we have diamQ < 4dist(Q, E) so that 

diamQ < 4dist((5,E) < Atk = 2diamir. 

Now let z eQ. Since Q n 7^ 0, 

11-2 — 3; II <rx + diamQ <rx + 4:f'K = ^r^ 

proving the required inclusion Q C 5K. 

(iii) . If 7^ K', then, by part (ii) of the lemma Q C 5K and Q C 5K' so that 
{5K) n {5K') 7^ which contradicts the property (i). 

The lemma is proved. ■ 

Corollary 4.13 (i). For every K G ICe we have 

U g C Sir; 

(ii). Jk r]JK'=^ provided K, K' G K.e and K 7^ K' . 

Lemma 4.14 For every cube K E A2 

(4.27) #Jx < (45^)". 
In addition for every cube Q E Jk 

(4.28) \ diam Q < diam K <9r] diam Q. 

Proof. Note that, by definition of the family Jk, for every Q E Jk have 

(4.29) g n K ^ and g H {r]K) = 0. 

First prove inequality (14.281) . The first inequality in f l4.28p follows from part (ii) of Lemma 

Km 

Let us prove the second one. By (14.31) . {9Q) fl 7^ 0. Thus there exists a cube K' = 
Q{xK',rK') such that Xk' G 9Q- 

Let us consider two cases. First suppose that xk' 7^ xk- Then K' 7^ K. But 

(gg) n i^V and (gg) nK ^ds 
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so that 

dist{K,K') < diam(9Q) = 9diamQ. 

By part (i) of Lemma 13. 6[ 

diam K + diam K' < dist(ir, K') 

so that 

diam K <9 diam Q. 

Now suppose that xk' = xk so that xk G QQ- Hence \\xk — xq\\ < Qrg. On the other 
hand Q fl {7]K) = 0, see IK29\\ . so that 

\\xk -XqW > riTK- 

Hence < 'drjrq. 

We have proved that in the both cases diam K <9r] diam Q so that the second inequahty 
in fOHjl is satisfied. 

Let us prove (14.271) . By part (i) of Corollary 14. 13^ Q C 5K for every Q G Jk- Since the 
cubes of the family are non-overlapping, this inclusion and the second inequality in f l4.28p 
enable us to estimate the cardinality of Jk- We have 

#Jx < |5ir|/min{|g| : Q e Jk} < 5"|K|/(r/diamK/9)" = (45/r/)" 

proving fl4.27p and the lemma. ■ 



Proposition 4.15 Suppose that the hypothesis of Theorem \3.1\ holds with 7 = 2^r^. Then 

< C(n,r)A. 



E 



(diam K^p-"" 

Proof. Following the same scheme of the proof as in Proposition I4.1H without loss of 
generality we may assume that A2 is a finite collection of pairwise disjoint cubes. However, 
for the family A2 we can not define the family Q by the same formula as for the family Ai, 
i.e., to put Q := A2I-! JCe- In fact, in this case the cubes of the family A2 intersect cubes of 
ICe so that the cubes of Q := ^2 U ICe are not pairwise disjoint. 

We modify the definition of Q as follows. Let 



E 



(diamQ)P-" 
so that 

^ (diamfr)P-" ^ ^' 

K&A2 K&K.E 

Let Hk G Ji^ be a cube such that 

QeJx (diam(5)P-" (diam if 
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(Of course, Hk depends on / as well.) Then, by f l4.27p . 

< - < (27/,)" - 



J 1^ 



(diam ifx)^"" ~ (diami^ii-)^-" 
Let 

K:=K + 2rKe, where e := (1, 0, 0). 

Then K C5K\K, and SfsT C 7^. Since Hk G Jx, by part (i) of Corollary ESl Hk C 5K 
so that Hk C7K. Also, by (!42HD, 

(4.30) diam^/(9ry) = diami\:/(9r/) < diami/^. 

Now we have 



(diami7x)p- 
so that, by ( iOOjl . 

El/i('3'5 ) — /i(a-//,r)|^ 



(diam K)p-'' 



with C = C(n,r). 

We introduce a family of cubes 



Since K C 5K\K for every i^' G /C^;, and the cubes {5K : i^' G JCe} are pairwise disjoint, 
see part (i) of Lemma 14.121 the family Q consists of pairwise disjoint cubes. 

We are in a position to finish the proof of the proposition. Let Q E Q \ JCe, i.e., there 
exists a cube K E ICe such that Q = K. We put 



Q' ■= Q" ■= 



Q 



Then, by definition, 

/i (a//K ) = /q' ' A ) = /q" ■ 

Furthermore, by Lemma 14.91 

Q' U g" C (22r2) Hk. 

But Hk C 7 K = 7Q so that 

Q' u g" c 7 (22r2) g C 2^2 g. 

If g G /Cij, we put Q' = Q" = Q. Hence, by (143T]) . 

(4.32) ^<Cy 1^' 

^ ^ ~ (diamg)?-*^ 

QeS 
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Note that the cubes Q' and Q" satisfy inequahties f l4.25p and f l4.26p of Proposition 14.111 
Combining these inequahties with f l4.32p . we obtain 



so that, by the assumption (see inequahty ( 13.2P ) and in view of CoroUary l4.3t we have / < CX. 
The proposition is completely proved. ■ 

This proposition and Proposition 14.151 imply the following 
Corollary 4.16 The following inequality 

— < 6(n,r)A 

(diamir)P-" ~ ^ ' 

is satisfied provided the hypothesis of Theorem \3.1\ holds with 7 = 2^r^ . 
Proof. Recall that 

^ (diamfr)P"" ~ ^ (diamJO^"" ^ (diami^)P-'^ 

KdA K^Ai KeA2 

It remains to apply Proposition 14. 1 II to the first sum, and Proposition 14. 151 to the second sum 
in the right hand side of this inequality, and the corollary follows. ■ 

Finally, combining this corollary with Corollary 14.81 we obtain the required inequality 

(4.33) Wfi\\lin^)<C\ 

provided 7 = 2'^r^ and C = C(n, r). 

5. Sufficiency: the Lp(R"; /i)-norm of the function /2. 

In this section we prove that 
(5-1) miin^.,,)<CX. 

Lemma 5.1 For every cube K G We and every c G R the following inequality 



holds. 
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Proof. By the extension formula f l4.6p . 
J \fi{x) - c\P dfx = J \ - c|^ci/i 



K 



p 



K 



By part (a) of Lemma [4.51 and part (3) of Lemma [4.41 

K K 

= /i(ir)(5^{|/i(aQ)-c|:Qnir^0,QGW^E})' 
V Q^Vk ) 

proving the lemma. 

Let K eKe and let 
(5.2) Sk := {^K) |J{Q ■.QeWe.Q^ (j]K) ^ 0}. 

(Recall that r/ = 2^7, see (14.111) .) 

Lemma 5.2 For every K E K,e the following inequality 



\f2\'d^< J \f-fK\''dfx 

Sk K 

holds. 

Proof. First prove that 
(5.3) fi{y) = fx for every y e Sk- 

In fact, since K E K-e, there exists x E E such that K = K^^\ Recall that, by definitions 
(li3D and gSD, 

fi{x) = fi{x) = fx- 
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Let y G Sk \ {x} so there exists a cube H G We such that y E H and H fl (rjK) ^ 0. By 
formula (14 .6^ and part (c) of Lemma 14.51 



/i(y)-/i(a:)= I ^Q(2/)/i(aQ) ) - 

X{^Q(l/)(/i(aQ) - A(x)) : g G W^z,, g* n iJ ^ 0}. 



Hence, by part (3) of Lemma |12 

Since if fl (//-ft') 7^ 0, by Lemma H?71 ag = x for every g G Vf/ so that 

/:=/i(y)-/i(x) = /i(y)-/i^ = 0, 

and (15.31) follows. 

Furthermore, since g G Fq, by Lemma 1121 Q C iT^^^ = K for every g G We such that 
g n {r]K) ^ 0. Hence 5;^ C K. 
Finally, 

|/2rrf/x = y \f{y)-Hy)\'d^^{y) = j \^\y)-^K\'d^^{y)< j If-hl'd^i 

Sk Sk Sk K 

proving the lemma. ■ 

Let A be the family of cubes defined by (HT7D . Thus K e K ^We a-rid Kn{r]T) = 
for every cube T E JCe- Our next goal is to prove that 

(5.4) J2 I \f2\'dfi<CX. 



We have 



K<^A K KeA K 

SO that 

(5.5) j |/2r^//i < 2^ I XI / \h-hM\''d^, + Y j \f-fiM\'d^i 

KeA K KKeA K KeA k 
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Proposition 5.3 Suppose that the hypothesis of Theorem \3.1\ holds with 7 = 2^r^. Then 

I \fi-fiiaKWdfi<Cin,p,T)X. 



K€A K 



Proof. By Lemma [5.11 



K \QeVK J 

Recall that = {Q e l^i? : Q n Q ^ 0}, and #Vx < N{n), see part (2) of Lemma 1131 
We also recall that by G V/^ we denote a cube satisfying (14. 9p . Hence, 



< C{n)ii{K)\Uaj,)-UaK)\'. 

We obtain 



IP 



K 



\fi{x) - f,{aK)rdfi{x) < C{n)fi{K) |/i(a^) - f^ia^)]^. 

Since K e W^b, by Lemma S^l /i(^) < 2i5p(diamir)"-P, so that 
\fi{x)-f\{aK)rdfi{x)<C{n,p) 



\fiM-fi{aKW 



K 

Hence, 



(diam K)p-"' 



(5.6) J2 / - /i(«^)r^/^ < C{n,p)J2 

KeA K " ' 

so that, by Corollary 14.16 



|A(a^)-A(a^)p 
(diam 



I \fi-fiiaK)\^dfi<Cin,p,T)X 



KeA K 

provided the hypothesis of Theorem 13.11 holds with 7 = 2^r^. 
Let 

(5.7) ^2:= XI / \f-hM\'d^^+ Y I If-hl'dfi. 

KeA K KgICe k 

We define a collection of cubes 

(5.8) Q:=AUICe. 
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As we have noted in the proof of Proposition 14 . 1 1 1 see a remark after fl4.22p . the cubes of Q 
are pairwise disjoint. Furthermore, these cubes satisfy inequahty (14.21) so that the conditions 
( K3\i of Theorem O hold. 

Let Q G Q. We define two cubes Q', Q" E Q, Q' U Q" C 7Q, as follows, li Q = K e A, 
we put 

(5.9) Q':=Q = K, Q" := K^''^\ 
(c.f. definition (Km ). Then, by definition (l43|l . 

fi{aK) ■■= fq"- 

Furthermore, by Lemma [4.91 Q' U Q" C '~fQ with 7 = 22r^. 
If Q € }Ce, i-e., Q = K^^^ for some x G E, we put 

(5.10) Q' = Q":=Q. 
Thus in this case 

Q'uQ"c-fQ with 7 = 1. 



Proposition 5.4 M^e /iave 

Q6S Q'xQ" 

Proof. The proof of this proposition is very similar to that of Proposition 14.111 First, 
as in that proof, without loss of generality we may assume that ^ is a finite collection of 
pairwise disjoint cubes. 

Note that Q" E JCe for every Q G Q so that, by Corollary EH see (Km . 

(5.11) (diamQ")""'' < 2"~XQ") < ^{Q"). 
Also, since Q' = Q for every Q G Q, we have 

(5.12) diamQ' = diamQ, Q E Q. 



Hence, 



I \f-fi{aK)\'df,+ J2 I \f-fK\'df, = J2 I \f-fQ"\'df,. 

K&A K K&K.E K Q&Q Q' 



But 



Q' 

so that, by (15. lip . 



1 1/ - fQ'^df^ < II \f{x) - f{y)\Pd^^{x)dM 



l\f- fQ'^df^ < (diamQT^" J |/(x) - f{y)\^dfi{x)dM- 



Q' Q' 
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Hence, by ( I512D . 

Q' Q'xQ" 

SO that 

QeS Q' Q€Q Q'xQ" 

proving the proposition. ■ 
Corollary 5.5 Suppose that the hypothesis of Theorem \3.1\ holds with 7 = 22r^. Then 

Proof. Note that the family Q and the cubes Q', Q" satisfy all the conditions of Theorem 
13.11 Then, by the theorem's hypothesis, /2 < A, proving the corollary. ■ 

Combining this corollary with Proposition 15 . 3 1 we obtain the required inequality (15. 4p . In 
fact, 

K&A K KKeAK KeA K 

< C{n,p,T)\ 

provided the hypothesis of Theorem 13. II hold with 7 = 2^r^. 
Note that Proposition 15.51 implies the following 

Corollary 5.6 The following inequality 

J2 1 ^ ^ 



K&KeSk 



holds. 



Proof. By Corollary 15. 5 [ 



I \f-fK\'df,< 



A 



KgICe k 



so that, by Lemma 

KgJCeSk KgICe k 

proving the corollary. 



A 



40 



To finish the proof of Theorem 13.11 it remains to note that the collection of subsets 
{Sk '■ K G JCe}, see (15.21) . and the family of cubes A, see fl4.17p . cover R". Hence 

(5.13) I \M^df^< J2 I \f2\''df, + J2 1 1/2^/^- 

R" KeJCs Sk K 

Combining this inequality with Corollary 15.61 and Corollary 15.41 we obtain the required in- 
equality (15. ip provided 7 = and C = C(n, r). 

In turn, combining (15. ip with inequality (I4.33p . we finally obtain the required estimate 

(i2!). 

Theorem 13.11 is completely proved. ■ 



6. Refinements of the criterion for the norm in Lp(R") + Lp(R"; /x). 
6.1 A refinement of Theorem II. 3L 

Theorem 6.1 Let n < p < 00 and let fi be a non-trivial non-negative Borel measure on 'RT'. 
There exist constants 7 = 7(n) > and N = N{n) G N, a family Q consisting of pairwise 
disjoint cubes and a family Q of cubes in R" with covering multiplicity M{Q) < N, mappings 

(6.1) QBQ^Q'eQ and Q3Q^Q"eQ 
satisfying the condition 

(6.2) Q' U Q" C 7Q for all Q e Q, 

such that for every function f G Lp^ioc(R"", /i) the following equivalence 



(6.3) 



E 



/ (diamQ)"-^' // \f{x)-f{y)\Pdfi{x)df,{y) V 

\ Q'xQ" 

/ > {(diamQ')""^ + /i(Q')}{(diamQ")"-P + fi{Q")} 



holds. The constants of this equivalence depend only on n and p. 

Proof. We let /(/; Q) denote the quantity from the right-hand side of the equivalence 
(16. 3p . Then inequality 

/(/;Q)<C(n,p)||/||j: 

follows from Proposition 12.31 where one can put S = Q. In fact, it can be easily seen that 
I{f] Q) does not exceed the quantity in the left-hand side of inequality (12.40 . 

Prove that for certain families Q and Q and mappings from (16. ip with condition (16. 2p 
each depending only on p, ra, and the measure /x, we have 



|j^<C(n,p)/(/;Q) 
provided / G Lp ioci^^', /i) is an arbitrary function. 
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We construct these objects using the method of proof of the sufficiency part of Theorem 

Let E be the set constructing in Proposition 13.51 and let /C^; be the family of cubes defined 
by dSJl. 

Let fi be the function defined by formula (14. 6 p and let /2 = / — /i- As before given a 
cube K G We we put 

Vk := {Q eWE-.QnK ^ 0}. 

Then, by fO|) . 

||/ilL.(R.)<C(n) 2^ 2^ (diamir)f- • 

iiTGH/B QgVk 

Recall that, by 

(6.4) f^(x) := fq = J f dfx for every x e E, 

Q 

where Q = K^^^ = Q{x, R{x)) is the unique cube from ]Ce with center at the point x E E. 
Also recall that, by Lemma [4.71 

(6.5) \\hr,.^^,.^<C{n)h 
where 

KeA QeVK 

Here A C We is the family of cubes defined by (14.171) . 

Fix a cube KeA. Let Q e Vr. Recall that, by f jOl) . aq e tQ. Since Q (1 K ^ (/} and 
diam Q < 4 diam , we have Q C S/T. Hence aq G 8ri^ . 

Since K G we have KnK^"''^^ = 0. These properties of aq and K^"'^^ easily imply that 

(6.7) C 7iK for every Q e Vk 
with 7i = 156r. 

Let us divide K into 2" equal cubes of diameter | diam iiT. Let us fix one of these cubes 
and denote that cube by K. Let 

(6.8) Tk := 

Let Vk \ {K} = {Qi,Q2, ■■■,Qm}- We know that m = m{K) < C{n). Obviously there 
exists a family of pairwise disjoint equal cubes 

'■= {Ql, Q2, Qm} 

such that Qi C Tk and 

diam/T < C{n) diamQj, for every i = 1, ...,m. 
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Here C = C{n) is a constant depending only on n. Then, clearly, K C 72Qi for every 
1 < i <m with certain 72 = 72 ('t-) so that, by (16. 7p . 

(6.9) C 73(n)Qi for every i = 1, m. 

Let Q G Y/^; thus Q = Qi for some 1 < i < m. We assign to Q cubes Q',Q" G /C^; as 
follows: 

(6.10) Q':=K^'"^^^ and Q" := i^^"^). 

Thus Q', Q" e /Cij. 

Then, by dnH), Q',Q"C73Q- 

Furthermore, since diamQ ~ diami^ for each Q G Yk, by (16. 4p . 

^ (diamir)P-" ^ (diamQ)^-'"' 

Q&Vk QeQK 

Let Qi = U{Yk : K eA}. We obtain 



(diam(5)P-"' 

QGQi 

But 

Q'xQ" 

SO that 

QeQi Q'xQ" 

Since Q', E ]Ce, by dSSHI), /i(Q') ~ (diamQ')""^ and fi{Q") ~ (diamQ")""*' so that 

(diamg)"-^' // \fix)-fiy)\Pdfx{x)dM 



(6.11) Ji < C(n) 



E 



{(diamQ')""^ + /i(Q')}{(diamQ")""P + f^{Q")}' 



Combining this inequality with (16. 5p we obtain 

(diamQ)"-P // \fix)-fiy)\Pd^ix)dM 



{(diamgO""^ + l^iQ')}{idiamQ")--P + ii{Q")} 

QeQi 



Let us estimate ||/2||Lp(R";fj) using the scheme of the proof of the sufficiency part of 
Theorem 11.31 given in Section 5. We will also use the settings of this section. 
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By (EE]), 

KeA K KgAQgVk 



SO that, by f l6.6p . 

(6.13) ^ y |/i-/i(a;,)rc//i<C(n,p)/i. 



In turn, by fl5.13p . 



R" K€Ke Sk K 

Combining this inequahty with (I5.5p . Lemma [5^ and ( I6.13p . we obtain 



(6.14) / \f2\''d^<C{h + h} 



I 



Recall that I2 is defined by (15. 7p . 

Let Q be the family of cubes defined by (15. 8p . Let us slightly modify this family as 
follows. Recall for each cube K G We we have introduced a cube K as one of the cubes from 
partition of K into the family of 2" equal cubes. See 



Let us introduce another cube from this partition and denote this cube by K. Thus 
diam/T = | diamiiT and K ^ K for every cube K e We- 
Let 

A={\Q:QeA} 

and let 

Q2 ■.= AuKe. 

In other words we replace in definition (15.80 the family A with the family A. Since diam Q ~ 
diamQ and Q C 3(5 the result of Proposition 15.41 remains true after such a modification, i.e., 

QGQ2 Q'xQ" 

Note that for each cube Q G Q2 we have /i(Q') < C(diam(5')"~^ and the same is true for 
Q". Hence 

E(diamQ)"-f // \f{x)-f{y)\^dy^{x)d^{y) 
Q'XQ" 



{(diamQ')""^ + /i(Q')}{(diamQ")""^ + KQ")}' 
QeQ2 

Also we remark that by definition Qi fl Q2 = 0, i.e., the family 

Q := Qi U Q2 
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consists of pairwise disjoint cubes. Furthermore, given Q E Q the cubes Q' and Q" belong 
to the family 

Q:=AU1Ce 

See f l6.10p . (15 .Qp and fl5.10p . Since the cubes of the family Ke are pairwise disjoint and 
A C Wei covering multiplicity of the family Q satisfies the following inequality 

M(Q) = M{A U Ke) < M{A) + M{ICe) < M{We) + 1 < N{n). 

Now combining inequality f l6.15p with inequalities f l6.14p and f l6.1ip . we obtain 

E{dmmQr-P JJ \f{x) - fiy)\Pdfi{x)dM 
Q'^Q" 
{(diamQ')""^ + f^{Q')}{{diamQ")^-P + fi{Q")}' 

QeQ 

Finally, this inequality and fl6.12p imply that 
s < 2''{ II /i 11^1 (j^„) + 11/2 



E(diamg)"-P // \f{x)-f{y)\^d^{x)d^{y) 
Q'xQ" 
{(diamgO""^ + /u(g')}{(diamg")""^ + f^iQ")} 

QeQ 



proving the theorem. ■ 

6.2. Lacunae of Whitney's cubes. In the next subsection we present another 
refinement of Theorem 11.31 We obtain this refinement with the help of a modification of the 
classical Whitney extension method which we described and used at the beginning of Section 
4. See formula (14. 6p . 

As we have noted in Section 1 the main idea of this approach is to use certain families of 
Whitney's cubes rather than to treat each Whitney cube separately. We call these families 
of Whitney cubes lacunae. 

In this subsection we present main definitions and main properties of lacunae. For the 
proof of these properties we refer the reader to paper [12], Sections 4-5. 

Let be a closed subset of R" and let We be a Whitney decomposition of its complement 
R" \ E, see Theorem 14.11 and Lemma [4.41 As we have already noted in Section 4, see (14. 3p . 

(6.16) (9g)nE^0 for every QeWe- 

By LWe we denote a subfamily of Whitney cubes satisfying the following condition: 

(6.17) (iog)nE = (9og)nE. 

Then we introduce a binary relation ~ on LWe'- for every Qi, Q2 G LWe 

Qi^Q2 ^ {10Qi)nE = {10Q2)nE. 

It can be easily seen that ~ satisfies the axioms of equivalence relations, i.e., it is reflexive, 
symmetric and transitive. Given a cube Q G LWe by 

[Q] := {K G LWe : K r-. Q} 
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we denote the equivalence class of Q. We refer to this equivalence class as a true lacuna with 
respect to the set E. 
Let 

CE = LWE\--={[Q]:QeLWE] 

be the corresponding quotient set of LWe by ~ , i.e., the set of all possible equivalence classes 
(lacunae) of LWe by ~ . 

Thus for every pair of Whitney cubes Qi, ^ We which belong to a true lacuna L E Ce 
we have 

(6.18) (lOQi) nE = (90Qi) n E = (10Q2) n E = (90Q2) n E. 

By Vl we denote the associated set of the lacuna L 

(6.19) Vl:= {90Q)r]E. 

Here Q is an arbitrary cube from L. By fl6.18p . any choice of a cube Q E L provides the 
same set Vl so that Vl is well-defined. Also note that for each cube Q which belong to a 
true lacuna L we have Vl = (lOQ) fl E. 

We extend the family Ce of true lacunae to a family Ce of all lacunae in the following 
way. Suppose that Q G We \ LWe, see f l6.17p . i.e., 

(6.20) (log) ^ (9og) HE. 

In this case to the cube Q we assign a lacuna L := {Q} consisting of a unique cube - the 
cube Q. We also put Vl := (90Q) n ^ as in fICTD . 

We refer to such a lacuna L := {Q} as an elementary lacuna with respect to the set E. 
By Ce we denote the family of all elementary lacunae with respect to E: 

Ce := {L = {Q} -.Q eWE\ LWe} 
We note that property (16.201) implies the existence of a point 

a G (E\ (log)) n (9og). 

On the other hand, by fl6.16p . there exists a point 

b G (9g) n E. 

Hence 

||a-6|| >rQ = (l/2)diamg 

so that 

diam^L = diam((90g) n E) > ^ diamQ 

provided 

L = {Q}e Ce 

is an elementary lacuna. 

Finally, by we denote the family of all lacunae with respect to E: 

C-E = Ce U Ce- 

We turn to description of main properties of lacunae. Recall that the detailed proofs of 
these properties one can find in [12], Sections 4-5. 
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Proposition 6.2 Let L G Ce be a lacuna, //diam > 0, then there exists a cube Ql G L 
such that 

diamQi = min{diam(5 : Q G L}. 

Furthermore, 

^ diam Vl < diam Ql ^1 diam Vl 
where 7 is an absolute constant. 

Given a lacuna L G we let Ul denote the union of all cubes which belong to the 
lacuna: 

Ul := U{g : g G L]. 
By diamL we denote the diameter of the set Ul'- 

diamL := diamt/^, = sup{||a — 6|| : a,b E Ul}- 

We say that L is bounded if diamL < 00. If diamL = 00 we say that L is an unbounded 
lacuna. 

Proposition 6.3 (i). For every lacuna L G Ce 

diamL ~ supjdiamQ : Q G L} ~ dist(VL, E \ Vl) 

with absolute constants in the equivalences; 

(a). If E is an unbounded set then every lacuna L G Ce is bounded; 

(Hi). If E is bounded, there exists the unique unbounded lacuna L™^^ G Ce. The lacuna 
^max ^ ^^^g lacuna for which V^max = E. 

Proposition 6.4 Let L G Ce be a bounded lacuna. Then there exists a cube Q^^^ G L such 
that 

diamQ*^^^ = maxjdiami^T : K G L}. 

Furthermore, 

(6.21) diamg^-^) ~ diamL ~ dist{VL, E \Vl), 

and 

VlUUlC^Q^'-I 

Here the constant 7 and constants in the equivalences of ^6.21\) are absolute . 

Proposition 6.5 Let L G Ce be a lacuna and let Q E L. Suppose that there exist a lacuna 
L' G Ce, L 7^ L' , and a cube Q' G L' such that Q (IQ' ^ ^. Then: 

(i). If L is a true lacuna, then L' is an elementary lacuna, i.e., L' G Ce = Ce \ Ce; 

(a). Either 

diam Q ~ diam Vl ~ diam Q l 

or 

diamQ ~ dist(VL, E\Vl) ^ diamQ^^^ 
with absolute constants in the equivalences. 
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Proposition 6.6 Let L e jCe be a lacuna and let 

Il:={K eWE\L:3QeL such that KnQy^d)}. 
Then #Xl < 7(71). 

One of the main ingredient of the lacunary approach is a mapping Ce ^ L ^ VTZ{L) G E 
whose properties are described by the following 

Proposition 6.7 There exist an absolute constant 7 > and a mapping 

Ce3L vn{L) e E 

such that: 

(i). For every lacuna L & Ce we have 

(6.22) Vn{L)e{^QL)^E ; 

(a). For every a & E 

H^iLeCE-. Vn{L) =a}< C{n). 

We refer to the mapping VTZ as a "projection" oi Ce into the set E. 
Let L e be a lacuna. Recall that 

UL = U{Q:Qe L}. 

Definition 6.8 Let L,L' & Ce he lacunae. We say that L and L' are contacting lacunae if 
C^L n C/i,/ 7^ 0. In this case we write L ■<->■ V . 

Thus L -h^ L' whenever there exist cubes Q & L and Q' e L' such that Q (1 Q' 7^ 0. 
We refer to the pair of such cubes as contacting cubes. Let us present several properties of 
contacting lacunae and contacting cubes. 

Proposition 6.9 (i). Every lacuna L & Ce contacts with at most C{n) lacunae, i.e., 

#{L' &Ce:L'^L}< C{n)] 

(a). Every true lacuna contacts only with elementary lacunae. 

Proposition 6.10 Let L G Ce he a lacuna and let Q & L he a contacting cuhe. (Le., there 
exist a lacuna L' & Ce and a cube Q' G L' such that Q H Q' Then either 

diamQ ~ diamVi, ~ min{diamir : K & L} — diamQ^ 

or 

diamg ~ dist(VL, E\Vl) ^ max{diamX : K e L} ^ diamQ^^^ 
with absolute constants in the equivalences. 
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6.3. A lacunary refinement of the main result. 

The next refinement of Theorem 11.31 is motivated by its important apphcations to char- 
acterization of the restrictions of Sobolev functions to closed subsets in R^. See |12j . 

Theorem 6.11 Let fi be a non-trivial non-negative Borel measure on R", n < p < oo, and 
let 

There exist families of closed sets {Gi,G2, ■■■} and {Hi,H2, ...} with covering multiplicity 
M{{Gi}), M{{Hi}) < C{n), and a family {Ai,A2,...} of positive numbers such that for every 
function f e Li^ioc(R"", /x) the following equivalence 

oo „„ 

holds. The constants of this equivalence depend only on n and p. 

Proof. We follow the scheme of the proof of Theorem 16. 1[ Let L G £e be a lacuna. For 
the sake of brevity we put 

Al := Vn{L) 

where VTZ denotes the "projection" of L into E , see Proposition 16.71 
We modify the Whitney extension formula as follows: We put 

qq = Al for all Q E L. 

cf. n . 

Note that, by ([622D, 

Al e {iQl) n E 

where Ql is a cube in L of minimal diameter. Since for every Q E L 

(9og) r]E = (90Ql) n e, 

we have (90Q) fl {90Ql) i- 0. But diamQ^ < diamQ so that 

<5l C 7i(5 for every Q E L 
with some absolute 71 > 0. Hence 

(6.23) aQ = AlC (72Q) n E for every Q E L. 

This shows that we can construct the component /i using the extension formula (14.61) . 
Then the functions /i and /2 = / — /i will provide an almost optimal decomposition of /, 
i.e., 

||/i||li(R") + ||/2||Lp(R";m) ~ ll/l|s- 

Let us construct the required families {Gi} and {Hi} using the approach suggested in the 
proof of Theorem 16. 1[ 

We begin with the estimate of the quantity ||/i||Li(Rn). First we modify the estimate (16. 5p 
and definition (16.61) . 
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Let L E Ce- We note that for every K E L and every Q G H L we have aq = ax = Al 
so that 

|A(aQ)-/i(ax)|=0. 

Let 

T{L) := {K eL:3Q eWE\L,Qr\K 

Thus T{L) is the family of contacting cubes of L. By Proposition 16.61 and part (2) of Lemma 
ST 



(6.24) #T(L) < C{n), L e Ce- 

Thee observations enable us to modify inequalities (16. 5p and (16. 6p as follows: 

where 

(6.25) ^1 •= (diamK)P-» " 

LeCE K£T{L)nA Q£Vk\L 

We construct the family Q and the mappings 

Q3Q^Q' eKe and Q 3 Q ^ Q" e JCe 

precisely as in Theorem 16. see formulas (I6.7l) - (l6.10p . but only for cubes K, Q from inequality 
(I6.25p . i.e., for contacting cubes. 

As a result, we again obtain inequality (I6.12p . Note that, by Proposition 12.31 we have the 
following: 

(diamQ)"-^' //^^ |/(a;) - fiy)\P df^{x)dM 

(6.26) {(diamgO"-^ + ;u(g')}{(diamg")"'^ + f^iQ")} ~ ^^""^ 

The crucial point of this construction is as follows: the mappings 
QbQ^Q' eICe and QbQ^Q" eICe 

are "almost" one-to-one. Thus for every K G Ke there exist at most C{n) cubes Q G Qi 
such that Q' = K. The same is true for the mapping Q i— )■ Q" . 

This statement easily follows from a similar property of the "projection" operator VTZ : 
Ce — )■ E and inequality (I6.24p . In fact, let ck be the center of K. Then, by part (ii) 
Proposition 16. 7[ there are at most Ci{n) lacunae L G Ce such that Ai = ck- Each lacuna 
L from this family contains at most C2(n) contacting cubes. For each such a cube, say if, 
there are at most C^{n) cubes from other lacunae which contact with H . Finally, we obtain 
at most 

#{Q e Qi : Q' = K} < Ci(n) C2in) C^in). 
The same estimate is true for Q". 
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Let us estimate ||/2||lp{R";^)- We again follow the prove of Theorem 16.11 see f l6.14p . We 
modify this inequality in the same fashion as we did this for the quantity Ji. We obtain 

(6.27) I |/2rrf/i<C{7i + /2} 

where the quantities Ii and I2 are defined by f l6.25p and f l5.7p respectively. 

We know that Ji can be estimated via the family Qi which we have constructed below. 
Let us estimate the quantity 

(6.28) /2 = X1 /l/- XI j\f-fKYdiJi = h + h. 

K€A K KgJCe K 

First we estimate the quantity 
Let Q2 := ^E- To each Q G Q2 "we assign cubes Q' and Q" by letting Q' = Q" = Q. Then 



h:=J2 /l^-^o"!"^'"^ S;i(^ / l/(^)-/(i/)r^M^MMz/)- 

QGQ2 Q' QeQ2 Q'xQ" 

Since Q',Q" E ICe, we have 



fi{Q') ~ (diam Q')"~^ f^iQ") ~ (diam Q")"-^ 



see Corollary 13.91 Hence 

Q&Q2 QI Q&Q2 Q'xQ" 

SO that 

(diamg)-^' JJ Jf{x)-f{y)\Pdfi{x)dfi{y) 

(6.29) h<C {(diamQ')"~^ + MQ')}{(diamQ")"~^ + /i(Q")}' 

QEQ2 



Clearly, Q\Q" C for every Q E Q2 with 7 = 1. Then, by Proposition 12. 3[ inequality 
( 16.26P remains true after replacement the family Qi by Q2- 

It is also clear that Qi fl Q2 = 0, and the (identical) mappings Q2 ^ Q ^ Q' E Ke and 
Q2 ^ Q ^ Q" E }Ce are one-to-one mappings. 

We turn to the quantity 



/3 = X1 / If-fiMl'dfi. 



K&A K 
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Since covering multiplicity M{We) < C{n), we have 

h<C{n)J2 I If-fiiAL^df, 

where 

Ul ■■= U{Q -.QeLnA}. 

We also recall that 

where Kl G /Ce is the unique cube such that Al = ck^- Hence 

(6.30) /3<CJ3 
where 

(6.31) J3:=^_l_ j'j' \f{x)-f{y)\Pdf^{x)dM. 

L&Ce 



UlxKl 



By definition of the family A, see fl4.17p . for every cube Q E Ul we have (jiKl) fl Q = 0- 
Hence 

(6.32) dist(Q,Ai) > r/diami^i. 
On the other hand, by fl6.23p . Al C. •yQ so that 

(6.33) dist(Q, Al) < 7 diam Q 
proving that 

diam Kl < C diamQ. 

These inequalities also imply that 

(6.34) Kl C 73Q, Q G Ul- 
Let us note that the family of sets 

J:={ULUKL:Le Ce} 

has covering multiplicity M{J) < C{n). 

To complete the proof of the theorem we need the following 

Lemma 6.12 Let L e Ce and let f eT.. Then J3 < j9)||/|||. 
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Proof. Let / = /i + where /iL^(R") and /a G Lp(R"; /i). Then 
J{f;L) := J \f{x)~f{y)rd^i{x)di,iy) 

UlxKl 

+ ^^^^ ^ \f2{x)- f2iy)\Pdfi{x)dfi{y) 

= 2^{h{L) + h{L)}. 

Let q:= {p + n)/2. By (ICTj) . iT^ C -fQ for every Q E Ul so that Q U Kl C ^iQ. Then, 
by the Sobolev-Poincare inequahty, see Proposition I2.H for every x,y E QU Kl we have 

|/(x)-/(y)r<C(n,g)(diamg)M ^ / ||V/(^)r^;^ 



Hence 



l7iQ| 

71 



SliQ) := -j^^ JJ \Mx)-My)\^dfi{x)dM 

QxKl 

< CfiiQ)idmmQY | ^ ^ ||V/(z)rrf^ 

71 Q 



Recall that Kl E JCe so that, by Corollary 13.91 



Since Q G I^e, by Corollary 14. 31 

(6.35) ^{Q) <C{dmmQ)''-P. 

Hence 



S-ilQ) < C(diamQr-^'(diamQ)f I ^ y \\Vf{z)rdz 



71 C 



71 ( 
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By (E2D, 

S,iQ)<C\Q\ I WVfizWdz] <C I M[\\VMz)r]Hz)dz. 

V 7lQ / I 

Hence 



< 

QeC/£ Ul 



^s,{Q)<c I M\\\yh{z)r]^{z)dz. 



Recall that Ul = U{Q : Q G L}. 

Since the sets {Ul '■ L G Ce} are pairwise disjoint, we obtain 



A, ■■=^h{L)<cY^ j M[\\Vh{z)r]'^{z)dz<C I M[\\VMz)r]kz)dz. 



Since p > g, by the Hardy-Littlewood maximal theorem, 



Ai<C j h{z)r)^z) dz = C j \\Wh{z)r{z)dz = 

Let us estimate the quantity 

h{L):=-^^ II \f2{x)-h{y)\^dfi{x)dM. 

UlxKl 



i|Ili(R")- 



We have 



op 

l2{L)<——{ II \MxWdfi{x)dM+ II \UyWdfi{x)dfi{y) 



Hence 



h{L) < 2^ <j / \f2{x)\^ d^^{x) + I \f,{y)\P d^^{x) 

Prove that 

(6.36) ii{Ul) < C^i{Kl). 

By (E35D, 



n— p 

QeLnA QeLnA 
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Note that for every Q E L (1 A and every x G Q we have 
(6.37) ||x — ~ dianiQ. 

In fact, since Q G We, its diameter diamQ ~ dist{Q,E) so that dianiQ < Cdist{Q,E). 
Hence 

diamQ < C\\x — Al\\. 

On the other hand, by fl6.33p . 

\\x - Al\\ < diamQ + dist{Q, Al) < C diamQ 

proving fl6.37p . 
Hence 

KUl) <cY^ (diamg)"-^ J '^'^ 

Q&LnA QGLnA q 

Note that, by (]6.32p . we have 



\x - AlP 



\\x — Al\\ > r] diamKL, xeUl- 
We also note that covering muhiphcity M{We) < N{n). Hence 

dx 



liiUL) < CN{n) 



\\x - Al\\p 



We obtain 

proving fl6.36p . 
Hence 



Recall that the mapping L h-)- Kl is an "almost" one-to-one, so that covering multiplicity of 
the family {Kl : L G Ce] is bounded by a constant N{n). Since the sets {Ul '■ L G Ce} are 
pairwise disjoint, we obtain 

A^ := ^/2(L)<C^||/2(a;)rdM^) + C^||/2(y)rrfMa^) 



< C J \f2{x)\Pd^M{x) + CN{n) J |/2(x)rrf/x(x) 

< cj \Mx)\^d^,{x) 

R" 

proving that 

A2 < ll/2|li^(Rn.^). 
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Finally, 

< CiA,+A,) < C(||MUi(R.) + ||/2||L,(R";M)r- 

taking the infimum in this inequahty over all functions /i G Lp(R") and /2 G Lp(TV^; fj,) such 
that / = /i + /2 we obtain the statement of the lemma. ■ 

Let us finish the proof of the theorem. 

Let us enumerate the cubes of the family Qi. 

Ql = {Q^■.^e N}. 

Let 

Di(/):=5^«. Jj \f{x)~f{y)\^dfi{x)d^^{y) 

where 

(diamQi)'^-P 

a,; — 



{(diamgO-f + /x(Q9}{(diamQn"-" + f^iQ'I)} 
Then, by fl02D . 

Recall that we have constructed the families of cubes 

g, := {Q[:ie N} and Hi := {Q'^ : 2 G N} 
in such a way that M(^i), M('Hi) < C(n). We have also proved that 

D^{f)<C\\f\\l. 
We have also defined a family Q2 of cubes 

Q2 = {i^i : ^ e N}. 

Let 

D,{f):=J2Pi JJ \f{x)-f{y)\^dfi{x)dM 

« = 1 r^l^ It'll 



K'xK" 



where 

Pi 



{(diamir;)""^ + ^^{K'^)}{{dmulK'lY-P + /i(irf)}' 
By (ESHD, 

(6.38) h<CD,U')- 
We know that 

D2{f) < Cliffy. 
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Furthermore, we know that for the famihes of cubes 

:= {K'i : i e N} and := {i^f : « G N} 

we have M(^2),M(?^2) < C{n). 

Finally, we have constructed two families of sets 

gs := {Ul : L e Ce} and := {Kl : L E Ce} 

with certain properties. Let us enumerate the sets of these families with preservation of the 
correspondence Ul ^ K^. 

6^3 := {^-i : 2 e N} and := {T,: i e N} . 

We know that M{g^),M{V.^) < C{n). Note that the quantity J3 defined by flOTj) can be 
written in the form J3 = Ds{f) where 

Ds{f)■.= f2 9^ II \f{x)-f{y)\^dfi{x)dfi{y) 

where 

:= i//i(r,). 

Furthermore, by Lemma I6.12[ 

J3 = Dsif)<C\\f\\j:. 

Combining inequalities flOTl) . flOSD . flOOD and flOSD with definition of J3, see flOTl) . 
we obtain 

Hence, 

\\m < 2nii/iiii.(R.) + ii/2iu,(R";,)r < + ^2(/) + D,{f)} 

so that 

||/||f;~Di(/)+D2(/)+I^3(/). 

Theorem 16.111 is completely proved. ■ 



7. Further results and comments. 

7.1. Modifications of Theorem 11.31 In this subsection we present several versions 
of the criterion for calculation of the norm of a function in the space Lp(R") + Lp(R"; jj,). 
First of them is Theorem 11.61 which we have formulated in Section 1. Its proof is very short. 

Proof of Theorem \l.(A The necessity part of the theorem directly follows from the necessity 
part of Theorem II. 3[ In fact, the left hand side of inequality (11. 4p is majorized (up to an 
absolute constant) by the left hand side of (11.21) provided inequality (11.31) holds. In turn, the 
sufficiency part of the theorem immediately follows from Theorem 13. 1[ ■ 
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Remark 7.1 Inequality i \1.3\\ of Theorem 11.61 can be replaced by weaker conditions 



(7.1) /i(Q') < (diamQ')""^ KQ") < (diamQ")"-^ < C/i(Q"), 
and 

(7.2) /i(g')<C/"(Q") 

where C = C{n,p) is a constant depending only on n and p. 
Note that (17. 2p is equivalent to the inequality 

diamg" < C diamQ' 

provided the inequalities in fl7.ip hold. 

In fact, in all our definitions of the cube Q" (see Propositions 14.11] 14.151 and 15. 5p we have 
Q" e Ke so that /i(Q") ~ (diamQ")""^, see (13^8]) . 

On the other hand, in Propositions 14. 1 1 1 and 14. 15l both Q' and Q" belong to /C^; so that in 
this case without loss of generality we may assume that ( 17. 2p holds with C = 1. In the same 
way we can define the cubes Q' and Q" in Propositions 15.51 whenever Q = Q' = Q" & ICe, 
see (I5:T0|) . 

In the remaining case, see (15. 9p . 

Q' = K eA and Q" = K^'"^'^ e ICe- 
Then, by LemmaSH Q" C i22T^)Q' so that diamQ" < C diamQ'. But, by ^28\f and fOj) . 

/i(Q") ~ (diamQ")""'' and /i(Q') < C(diamQ')''-^ 
proving (17. 2p . < 



Remark 7.2 Let us replace inequality (11.20 in Theorem II. 31 with the following one: 

E i^iQ'MQ") II \f{x)~ f{y)\^d^{x)d^{y) 
< X 
(diamQ)P-"{l + (diamQ')"-P//i(Q') + (diam Q")"-P//i(Q")} " 



QeQ 

Then the result of Theorem 11.31 remains true after such a modification. Thus we obtain 
another criterion for calculation of the norm in the space Lp(R") + Lp(R"; 

In fact, the necessity part of this new criterion follows from Proposition 12.31 (with S = Q, 
Sqi = Q' and Squ = Q"). In turn, the sufficiency directly follows from the sufficiency part of 
Theorem 11.31 because the left hand side of inequality (II. 2p does not exceed the left hand side 
of (D- See definition fl230D and inequality fl2ll]) . < 



The criterion (17.30 and previous results lead us to the following result formulated in the 
spirit of Theorem 11.61 



58 



Theorem 7.3 Let us replace inequality (L4) in the formulation of Theorem \1.6i by the in- 
equality 



EII \f{x) - fiy)\Pdfi{x)dn{y) 
/ dianiQ' dianiQ^' y " q'xQ" ^ ^ 
V diamg J (diamQ')^">(<5') + (diamQ")P-"Ai(Q") ~ 

QeQ 

Then, after such a modification the result of Theorem \1.6[ remains true. 

Proof. Clearly, by fll.3p . the left hand side of f ll.4p is smaller than the left hand side of 
(17. 4p so that the sufficiency follows from the sufficiency part of Theorem 11.61 On the other 
hand the left hand side of fl7.4p is smaller (up to an absolute constant) than to the the left 
hand side of (17. 3p provided inequality (II. 3p is satisfied. But as we have seen in Remark \7.2\ 
the necessity of (17. 3p follows from Proposition 12.31 This proves the necessity part of Theorem 
Ol ■ 



Remark 7.4 In all modifications of the main result we may assume that the cubes Q', Q" 
belong to a certain family Q of pairwise disjoint cubes which my be different from the family 
Q. For instance, Theorem 11.61 can be modified in the following way: 

Theorem 7.5 A function f G Lp iodJV^', yu) belongs to the space Lp(R") + Lp(R"; fi), n < p < 
oo, if and only if there exists a constant A > which satisfies the following conditions for a 
certain absolute constant'^: Let Q and Q be arbitrary finite families of pairwise disjoint cubes 
in R". Suppose that to each cube Q E Q we have arbitrarily assigned two cubes Q',Q" G Q 
such that Q' U Q" C and inequality U.3\) is satisfied. 

Then inequality (T^ holds. Furthermore, \\f\\j2 ~ inf Ap with constants of equivalence 
depending only on n and p. 

(Necessity). We apply Proposition 12.31 to S = Q, Sqi = Q' and Sq" = Q" and prove that 
inequality (17. 3p holds. As we have noted in Remark 17. 2[ the left hand side of inequality (II. 2p 
does not exceed the left hand side of (17. 3p which proves the necessity. 

(Sufficiency). The sufficiency follows from the sufficiency part of Theorem 11.31 which is 
proven for the case Q = Q. < 

Remark 7.6 As we have mentioned in Section 1, Theorem 11.31 and its variants have im- 
portant and interesting applications to the Whitney-type problems of characterizations of 
restrictions of Sobolev functions to subsets of R*^. In particular, in [12] we need a variant of 
Theorem 11.61 formulated in terms of families of Euclidean balls rather than cubes. 

Theorem 7.7 Let n < p < oo and let fi be a non-trivial non-negative Borel measure on R*^. 
A function f G Lpjoci^^] /i) belongs to the space Lp(R") + Lp(R"; /i) if and only if there exists 
a constant A > which satisfy all of the following conditions for a certain absolute positive 
constant 7.- Let B be an arbitrary finite family of pairwise disjoint balls in R" . Suppose that 
to each ball B E B we have arbitrarily assigned two balls B', B" G B such that B' U B" C ^B 
and 

(diam5y-"/i(5') + (diam5'y-X5") < 1. 
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Then the following inequality 



E 

BeQ 



( diam 5' diam 5" \ ^ " //",./ n m^, , / n , / n 

( — — ) JJ \fi^)-fiy)\'Mx)dM<^ 



B'xB" 



holds. ^ 

Furthermore, \\f\\j2 ~ iiif -^^ '^'^^^ constants of equivalence depending only on n and p. 

A sketch of the proof. The proof follows precisely the scheme of the proof of Theorem II .Gi 
There is only one place in this scheme where we have to slightly change formulations 
of corresponding results. We mean an analogue of the Whitney covering Theorem 14.11 for 
Euclidean balls. Of course, in this case we can not cover the open set R"" \ E hy non- 
overlapping balls B such that diami? ~ dist(i?, E). Nevertheless for our purpose it suffice to 
cover R" \ ii^ by a family We of balls whose covering multiplicity is bounded by a constant 
N = N{n) depending only on n. In other words, every point x G R*^ is covered at most N 
balls from the family We- 

The existence of a Whitney-type covering of such a kind follows from a general result 
proven by M. Guzman [6]. (Note that this result relies on the Besicovitch covering theorem 
0.) < 

7.2. The fsT-functional for the couple A = (Lp(R"; /x), L^(R")). 
Theorem 11.31 and its modifications presented in the previous subsection enable us to give 
various explicit formulas for the ii'-functional of the Banach couple 

1=(L,(R";/.),LJ(R")). 

We recall that, for each t > 

K{t; f:A):= inf{||/i|U,(Rn;^) + t||/2|Ui(R") : /i + /s = /, /i e L,(R"; /x), E LJ(R")} 
so that \\f\\j2 = K{l;f : A) and 

(7.5) K{t-f:A)=t\\f\\^^ 
where 

(7.6) E,:=Lj(R") + L,(R";i,/x). 
See Remark 11.41 

In Section 1 we have presented such a formula for K{-] f : A). This result directly follows 
from Theorem 17.31 and equalities (17. 5p and (17.61) . 

Let us prove that the i^'-functional of the couple A can be quasi-linearized, i.e., for each 
t > there exist continuous linear operators 

Ti[t] ■■ E ^ ^J(R") and T2[t] : ^ ^ ^p(R"; /i) 

such that 
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and for every / G X] the following inequality 

||T2[t](/)|U,(R";M) +^riW(/)IU^(R") < Cin,p)K{t-J : A). 

holds. Here as before E = ^p(R") + ^p(R"; Z^)- 

This property easily follows from Theorem 11.51 and equalities (17.51) and (17. 6p . In fact, let 
us apply Theorem 11.51 to the measure fit '■= fJ'/t^- By this theorem there exist continuous 
linear operators 

Ti[t] : ^ L;(R") and T,[t] : ^ Lp(R"; /i^) 

such that 

Ti[t]+T2[t]= Id^, 

and 

(7-7) ||ri[t]||si^Li(R") + ||T2[t]||st^Lj,(R";A.) < <^(^,p)- 

Since 

||/||Lp(R";Mt) = T ll/IUp(R";/i) , 

the Banach space Lp(R"; /i^) coincides with the Banach space Lp(R"; //) proving that the 
Banach spaces and S coincide as well. Hence 

Ti[t] : E ^ and T^lt] : ^ ^ f^) 

and 

Furthermore, by (17.51) and (17. 7p . for every / G ^ we have 
||Ti[t](/)|Ui(R.) < C\\f\\^^ = CK{t-f: 

and 

||T2[t](/)|U,(R^,o = ||T2[t](/)|U,(R.;,)A < Cll/lb, = CK{t-f: A)/t. 

We obtain 

t||Ti[t](/)|Ui(Rn)<Cir(t;/:i), 

and 

\\TMf)\Kin-;,)<CK{t-f:A). 

Hence 

||T2[t](/)|U,(R";p) < C{n,p)K{t-f: A) 

proving that the i^'-functional of the couple A = (Lp(R'^; fi), Lp(R")) is quasi-linearizable. 

Finally, we remark that Z. Ditzian and V. Totik [4] have studied a number of variants of the 
i^-functional for the Banach couple B = (Lp(R), i^p(R; fi)) where -^^^(R; /i) is a homogeneous 
Sobolev space on R with respect to the measure fi. This space is defined by the finiteness of 
the seminorm 

||/||li(R;,) := I I \nx)\Pdfi{x) 
\r 
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At first sight, the couples A = (Lp(R; yu), Lp(R)) and B = (Lp(R), Lp(R; /i)) look very 
similar to each other. Nevertheless, in general, the i^'-functionals of these couples are very 
different from each other, and their calculations require different methods and ideas. 

7.3. Theorem 13.31 and subfamilies of "minimal" pairwise disjoint cubes. The 

result of Theorem 13.31 can be reformulated in a purely geometrical way. In fact, given a 
function w : R*^ — i- (0, oo) consider a family of cubes 

Anj = {Q = Q{x,w{x)) : X e R"} 

and a subfamily of Aw 

B = {K = Q{x, w{x)) : X e S} 

where S is the set determined in Theorem 13. 3[ Then the conditions (i) and (ii) from this 
proposition are equivalent to the following statements: 

(«'). For every cube Q G Aw there exists a cube K E B such that K C 83Q; 

{ii'). The cubes of the family B are pairwise disjoint. 

Thus Theorem 13.31 states that for every function w satisfying condition (13.41) the family 
Aw contains a subfamily B satisfying conditions (z') and {ii'). 

This geometrical reformulation of the proposition motivates the following 

Question 7.8 Let A be a family of cubes in R". Under what conditions on A there exists a 
subfamily B of A such that: 

(a) . For every cube Q E A there exists a cube K E B such that K n Q (/} and 
diami^' < diamQ; 

(b) . The cubes of the family B are pairwise disjoint ? 

Remark 7.9 Note that the condition (a) implies the inclusion 2Q D K. 

Also, let 7 > 1 and let 7^ = {^Q : Q G A}. Then the existence of a collection B 
satisfying the conditions (a) and (b) for the family 7^ implies the existence of a subfamily 
B of the family A such that: {a'). For each Q E A there exists K E B such that K C (27)Q; 
{h'). the cubes {"^K : K E B} are pairwise disjoint. 

Clearly, one can put B = ^B. <\ 

V. Dolnikov kindly drew the author's attention to the fact that a family B satisfying 
conditions (a) and (b) exists whenever A is an arbitrary finite collection of cubes. Here is a 
short Dolnikov's proof of this statement. 

Let Ki be a cube of the minimal diameter among all the cubes of the family Ai := A. 
By Gi we denote all cubes of Ai which intersect Ki. 

We put A2 := Ai \ Gi. If ^2 = we stop and put B = {Ki}. If A2 ^ 0, by K2 we 
denote a cube of the minimal diameter among all the cubes of the family A2. We continue 
this procedure. Since A is finite, this process will stop on a certain (finite) step m. 

As a result we obtain a finite collection of pairwise disjoint cubes B = {Ki, ...,Km} and 
a partition {Gi, ...,Gm} of A such that for each 1 < i < m the following conditions are 
satisfied: the cube Ki E Gi, i^j fl Q 7^ 0, and diami^', < diamQ for every Q E Gi. Clearly, 
the collection B satisfies the conditions (a) and (b) of Question 17. 8[ 
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Let us also note that for an infinite collection A of cubes in a family of cubes B 
satisfying conditions (a) and (b) of Question 17.81 in general does not exist. For instance, B 
does not exists whenever A = {Q (O, j^) : n = 1, 2, ...}. 

These examples show that a certain "continuity" condition (apparently in the spirit of the 
condition ( 13. 4p ) should be posed on the collection A to provide the existence of a subfamily 
B satisfying conditions (a) and (6) of Question 17.81 
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